Distributed Autonomous Systems
Last update: 15 April 2025

Academic Year 2024 — 2025
Alma Mater Studiorum - University of Bologna


https://github.com/NotXia/unibo-ai-notes/blob/pdfs/year2/distributed-autonomous-systems/das.pdf

Contents

1 Graphs
1.1 Definitions . . . . . . . . .
1.2 Weighted digraphs . . . . . . . . . ...
1.3 Laplacian matrix . . . . . . . . .. L

2 Averaging systems

2.1 Discrete-time averaging algorithm . . . . . . . .. .. ... ... ... ...
2.1.1 Stochastic matrices . . . . . . . . ... L
2.1.2 COonSensus . . . . . . .. u e e

2.2 Discrete-time averaging algorithm over time-varying graphs . . . . . .. ..
2.2.1 Time-varying digraphs . . . . . . . . .. ... o Lo
2.2.2 CONSENSUS . . v v v v v e e e e e

2.3 Continuous-time averaging algorithm . . . . . . . .. .. .. ... ... ...
2.3.1 Laplacian dynamics . . . . . .. .. ... ..
2.3.2 COoMSEnsUS . . .« . v

3 Containment

3.1 Containment with static leaders . . . . . . . . .. .. ... ... ... ...

3.2 Containment with non-static leaders . . . . . . . ... ... ... ... ...

3.3 Containment with non-static leaders and integral action . . . . . ... ...

3.4 Containment with discrete-time . . . . . . . . .. ... ... L.

3.5 Containment with multivariate states. . . . . . . . ... ... ... .. ...

4 Optimization

4.1 Definitions . . . . . . . . ..
4.1.1 Unconstrained optimization . . . . . . . . ... .. ... ... .. ..
4.1.2 Convexity . . . . . . . .. e

4.2 Tterative descent methods . . . . . . .. .. ... oL
4.2.1 Gradient method . . . . . . . . ...
4.2.2  Accelerated gradient methods . . . . . . ... ... ... ... ... .

4.3 Cost-coupled optimization . . . . . . . .. . ... ... ..
4.3.1 Learning paradigms . . . . . . . ... L Lo

4.4 Federated learning . . . . . . . . ..
4.4.1 Batch gradient method . . . ... ... ... ... ... ...
4.4.2 Incremental gradient method . . . ... ... ... ... .......
4.4.3 Stochastic gradient descent . . . . . . .. ...
4.44 Adaptive momentum . . . . . . ... ...

4.5 Distributed cost-coupled/consensus optimization . . . . .. ... ... ...
4.5.1 Distributed gradient algorithm . . . . . ... ... ... ... .. ..
4.5.2 Gradient tracking algorithm . . . . . . ... ... ... 000

5 Formation control
5.1 Intuition with mass-spring systems . . . . . . .. .. .. ... ... ...

10
10
13
14
15
15

16
16
16
16
18
18
22
23
23
23
23
23
24
25
25
25
27

29



5.2 Formation control based on potential functions . . . . ... ... ... ... 31

6 Cooperative robotics 33
6.1 Aggregative optimization . . . . . . .. .. ... L L L 33
6.1.1 Centralized gradient method . . . . ... ... ... ... .. .... 34

6.1.2 Aggregative tracking distributed optimization algorithm . . . . . . . 34

6.1.3 Online aggregative optimization . . .. .. .. ... ... ... ... 35

ii



1 Graphs

1.1 Definitions

Directed graph (digraph) Pair G = (I, E) where I = {1,..., N} is the set of nodes and  Directed graph
E C I x 1 is the set of edges.

Undirected graph Digraph where Vi, j: (i,j) € E = (j,i) € E. Undirected graph
Subgraph Given a graph (I, E), (I', E’) is a subgraph of it if I’ C I and E’ C E. Subgraph
Spanning subgraph Subgraph where I’ = I.
In-neighbor A node j € I is an in-neighbor of i € I if (j,4) € E. [n-neighbor
Set of in-neighbors The set of in-neighbors of ¢ € [ is the set: Set of in-neighbors

NN ={jeI|(ji) € B}
In-degree Number of in-neighbors of a node ¢ € I: In-degree
deg%N — |MIN|

Out-neighbor A node j € I is an out-neighbor of i € I if (i,j) € E. Out-neighbor

Set of out-neighbors The set of out-neighbors of ¢ € I is the set: Set, of in-neighbors
NPVE = {j eI (i) € E}

Out-degree Number of out-neighbors of a node i € I: Out-degree

degQUT — |A/‘iOUT|

1)

Balanced digraph A digraph is balanced if Vi € I : degl™ = deg®UT. Balanced digraph

Periodic graph Graph where there exists a period k > 1 that divides the length of any Periodic graph
cycle.

| Remark. A graph with self-loops is aperiodic.

Strongly connected digraph Digraph where each node is reachable from any node. Strongly connected
digraph
Connected undirected graph Undirected graph where each node is reachable from any Connected

node. undirected graph

Weakly connected digraph Digraph where its undirected version is connected. Weakly connected
digraph



1.2 Weighted digraphs

Weighted digraph Triplet G = (I, E, {a; ;}(; j)er) Where (I, E) is a digraph and a;; > 0
is a weight for the edge (3, 7).

Weighted in-degree Sum of the weights of the inward edges:
N
deglI-N = Z Qs
j=1
Weighted out-degree Sum of the weights of the outward edges:

N
deg?"" = Jai;
—

Weighted adjacency matrix Non-negative matrix A such that A;; = a; ;:

Az‘,j >0 if (Z,j) er
A;;j =0 otherwise

In/out-degree matrix Matrix where the diagonal contains the in/out-degrees:

deg!N 0 e 0 degPVT 0 e 0
PN 0 degiN HOUT 0 degdUT
0 e 0 degh 0 e 0 degQUT

Remark. Given a digraph with adjacency matrix A, its reverse digraph has adja-
cency matrix AT,

Remark. It holds that:

D™ = diag(AT1) DOUT = diag(A1)

where 1 is a vector of ones.

|Remark. A digraph is balanced iff AT1 = Al.
1.3 Laplacian matrix
(Out-degree) Laplacian matrix Matrix L defined as:

I = DOUT _A
Remark. The vector 1 is always an eigenvector of L with eigenvalue 0:
L1 = (D°VT — A)1 = DOVT1 — DOVT1 =0

In-degree Laplacian matrix Matrix L'N defined as:

LIN — pDIN _ 4T

Weighted digraph

Weighted in-degree

Weighted out-degree

Weighted adjacency
matrix

In/out-degree matrix

Laplacian matrix

In-degree Laplacian

matrix



|Remark. L™ is the out-degree Laplacian of the reverse graph.



2 Averaging systems

Distributed algorithm Given a network of N agents that communicate according to a
(fixed) digraph G (each agent receives messages from its in-neighbors), a distributed
algorithm computes:

:L‘i“rl = stfi($§,{x§}j€NilN) Vie{l,...,N}

where z¥ is the state of agent i at time k and stf; is a local state transition function
that depends on the current input states.

| Remark. Out-neighbors can also be used.

Remark. If all nodes have a self-loop, the notation can be compacted as:

xf"’l — Stfl({x]}]GMIN) or :L'f""l — Stfl({xj}jeNZOUT>

2.1 Discrete-time averaging algorithm

Linear averaging distributed algorithm (in-neighbors) Given the communication digraph
with self-loops G°™™ = (I, E) (i.e., (j,7) € E indicates that j sends messages to i),
a linear averaging distributed algorithm is defined as:

bt = Z a@]xk ie{l,...,N}

JENIN
where a;; > 0 is the weight of the edge (j,7) € E.

Linear time-invariant (LTI) autonomous system By defining a;; = 0 for (j,i) ¢ E,
the formulation becomes:

kH Zaljx ie{l,...,N}

In matrix form, it becomes:
1 — ATXk:
where A is the adjacency matrix of G°™™.

Remark. This model is inconsistent with respect to graph theory as weights
are inverted (i.e., aj; refers to the edge (j,1)).

Linear averaging distributed algorithm (out-neighbors) Given a fixed sensing digraph
with self-loops G = (I, E) (i.e., (i,j) € E indicates that j sends messages to
i), the algorithm is defined as:

k+1
Z aw Z @ijx;

JENZOUT

Distributed
algorithm

Linear averaging
distributed
algorithm
(in-neighbors)
Linear
time-invariant (LTT)

autonomous system

Linear averaging
distributed
algorithm
(out-neighbors)



In matrix form, it becomes:
xFH = AxF

where A is the weighted adjacency matrix of G5,

2.1.1 Stochastic matrices

Row stochastic Given a square matrix A, it is row stochastic if its rows sum to 1:

Al=1

Column stochastic Given a square matrix A, it is column stochastic if its columns sum
to 1:
AT1=1

Doubly stochastic Given a square matrix A, it is doubly stochastic if it is both row and
column stochastic.

Lemma 2.1.1. An adjacency matrix A is doubly stochastic if it is row stochastic and the
graph G associated to it is weight balanced and has positive weights.

Lemma 2.1.2. Given a digraph G with adjacency matrix A, if GG is strongly connected
and aperiodic, and A is row stochastic, its eigenvalues are such that:

e )\ =1 is a simple eigenvalue (i.e., algebraic multiplicity of 1),

e All others p are |u| < 1.

Remark. For the lemma to hold, it is necessary and sufficient that G contains a globally
reachable node and the subgraph of globally reachable nodes is aperiodic.

2.1.2 Consensus

Theorem 2.1.1 (Discrete-time consensus). Consider a discrete-time averaging system
with digraph G and weighted adjacency matrix A. Assume G strongly connected and
aperiodic, and A row stochastic.

It holds that there exists a left eigenvector w € RY, w > 0 such that the consensus
converges to:

1 17 &
. wlx0 ZAL w;xd w;
k _ . i=1 A 0
lim x" =1 7~y = —~ T
ko0 w 1 Zj:l wj 1] =1 Zj:l wj
where w; = —x*— are all normalized and sum to 1 (i.e., they produce a convex combi-

>ie 5 Wi
nation).
Moreover, if A is doubly stochastic, then it holds that the consensus is the average:

L
li k_q1— 0
fin X =1y 3

Sketch of proof. Let T = [1 vZ oo VN] be a change in coordinates that transforms
an adjacency matrix into its Jordan form J:

J=T"'AT

Row stochastic

Column stochastic

Doubly stochastic

Discrete-time
consensus



As A =1 is a simple eigenvalue (Lemma 2.1.2), it holds that:

10 --- 0
0
J=1.
. JQ
0
where the eigenvalues of Jo € RV=DX(N=1) Jje inside the open unit disk.

Let x¥ = T%*, then we have that:

Xk+1 — AXk
— Tz = A(T%")
— xM =T 1A(T=Y) = JxF

Therefore:
1

0
lim % = iy
k—o00

0
=z Vk>0
kli_)ngoi:fzo Vi=2,...,N
O

Example (Metropolis-Hasting weights). Given an undirected unweighted graph G with
edges of degrees d, ..., d,, Metropolis-Hasting weights are defined as:

m if (4,j) € Fand i # j
a;; =1491-— Zhe/\/i\{i} a;p, ifi=j
0 otherwise

The matrix A of Metropolis-Hasting weights is symmetric and doubly stochastic.

2.2 Discrete-time averaging algorithm over time-varying graphs

2.2.1 Time-varying digraphs

Time-varying digraph Graph G = (I, E(k)) that changes at each iteration k. It can be Time-varying
described by a sequence {G(k)}r>o- digraph

Jointly strongly connected digraph Time-varying digraph that is asymptotically strongly Jointly strongly
connected: connected digraph

+oo
Vk>0: U G(7) is strongly connected

=k

Uniformly jointly strongly/B-strongly connected digraph Time-varying digraph that is ~ Uniformly jointly

1, v/ Roctron ol
strongly connected in B steps: strongly /B fmmhl.\
connected digraph

k+B
Vk >0,3B e N: U G(7) is strongly connected
=k



Remark. (Uniformly) jointly strongly connected digraph can be disconnected at some
time steps k.

Averaging distributed algorithm Given a time-varying digraph {G(k)}r>0 (always with
self-loops), in- and out-neighbors distributed algorithms can be formulated as:

k k k k
:ciH = Z aij(k‘)xj xiH = Z aij(k)xj
JENIN(K) JENLYT (k)

Linear time-varying (LTV) discrete-time system In matrix form, it can be formu-
lated as:

2.2.2 Consensus

Theorem 2.2.1 (Discrete-time consensus over time-varying graphs). Consider a time-
varying discrete-time average system with digraphs {G(k)}xr>o (all with self-loops) and
weighted adjacency matrices { A(k)}r>0. Assume:

e Each non-zero edge weight a;j(k), self-loops included, are larger than a constant
e >0,

e There exists B € N such that {G(k)},>0 is B-strongly connected.

It holds that there exists a vector w € RY, w > 0 such that the consensus converges to:
7,0
e
k—o0 w'l
Moreover, if each A(k) is doubly stochastic, it holds that the consensus is the average:

1
lim x* = 1N2x?

k—oo ‘
=1

2.3 Continuous-time averaging algorithm

2.3.1 Laplacian dynamics
Network of dynamic systems Network described by the ODEs:
zi(t) =u(t) Vie{l,...,N}
with states x; € R, inputs u; € R, and communication following a digraph G.

Laplacian dynamics system Consider a network of dynamic systems where u; is defined
as a proportional controller (i.e., only communicating (i,j) have a non-zero weight

aij):
wi(t) = — Z a;j <!Ez(7f) - »Tj(t))

je'/\/’iOUT

N
=— Z aij <33z'(t) - xj(t))
=1

Averaging
distributed
algorithm over
time-varying digraph

Linear time-varying
(LTV) discrete-time

system

Discrete-time
consensus over
time-varying graphs
Network of dynamic
systems

Laplacian dynamics
system



Remark. With this formulation, consensus can be seen as the problem of minimizing
the error defined as the difference between the states of two nodes.
| Remark. A definition with in-neighbors also exists.

Theorem 2.3.1 (Linear time invariant (LTI) continuous-time system). With x =

[ml R N]T, the system can be written in matrix form as:
x(t) = —Lx(t)
where L is the Laplacian associated with the communication digraph G.

Proof. The system is defined as:

By rearranging, we have that:

N N
z;i(t) = — Z a;j | zi(t) + Z a;jz;(t)
J=1 J=1

= —deg?z;(t) + (Ax(1));

Which in matrix form is:
x(t) = —DOYTx(t) + Ax(t)
— ~(DOUT — A)x(t)
By definition, L = DOUT — A. Therefore, we have that:
x(t) = —Lx(t)

O

Remark. By Theorem 2.3.1, row/column stochasticity is not required for consensus.
Instead, the requirement is for the matrix to be Laplacian.

2.3.2 Consensus
Lemma 2.3.1. It holds that:

deg?UT]  [degfVT
L1 =D°T1 - A1 = : _ : —0

ouT ouT
% %

deg deg

Lemma 2.3.2. The Laplacian L of a weighted digraph has an eigenvalue A = 0 and all
the others have strictly positive real part.

Lemma 2.3.3. Given a weighted digraph G with Laplacian L, the following are equiva-
lent:

e (G is weight balanced.

e 1 is a left eigenvector of L: 17 L = 0 with eigenvalue 0.

Linear time
invariant (LTT)
continuous-time
system



Lemma 2.3.4. If a weighted digraph G is strongly connected, then A = 0 is a simple
eigenvalue.

Theorem 2.3.2 (Continuous-time consensus). Consider a continuous-time average system  Continuous-time
with a strongly connected weighted digraph G and Laplacian L. Assume that the system """
follows the Laplacian dynamics x(t) = —Lx(t) for ¢t > 0.

It holds that there exists a left eigenvector w of L with eigenvalue A = 0 such that the

consensus converges to:
T
0
lim x(t) = 1 (WX<>>

t—o00 WTl

Moreover, if G is weight balanced, then it holds that the consensus is the average:

. _ i wi(0)
Jm x(f) = 1=
Remark. The result also holds for unweighted digraphs as 1 is both a left and right
eigenvector of L.



3 Containment

Leader-follower network Consider agents partitioned into Ny followers and N — Ny lead- ~ Leader-follower
network
ers.

The state vector can be partitioned as:

where xy € RNs are the followers’ states and x; € RYN—N¢ the leaders’.

The Laplacian can also be partitioned as:

Ly Lfl]
I —
o

where Ly is the followers’ Laplacian, L; the leaders’, and Ly; is the part in common.

Assume that leaders and followers run the same Laplacian-based distributed control
law (i.e., an normal averaging system), the system can be formulated as:

) [ef [

Example. Consider a path graph with four nodes:
014243

The nodes 0, 1,2 are followers and 3 is a leader. The system is:

i:l(t) 1 -1 0 0 I (t)
i‘Q (t) . -1 2 -1 0 l’g(t)
{/'Cg(t) o 0o -1 2]-1 $3(t)
i4(t) 0 0 -1]1 z4(t)

3.1 Containment with static leaders

Containment with static leaders Task where leaders are stationary and the goal is to Containment with
drive followers within the convex hull enclosing the leaders. Followers can commu- °/tic leaders
nicate with agents of any type while leaders do not communicate.

1~

0.5 -

second component

—0.5 | | J
—0.5 0 0.5 1

first component

10



Containment control law Given Ny followers and N — N leaders, the control law to solve = Containment control
the containment task have: law

e Followers running Laplacian dynamics.
e Leaders being stationary.

The system is:

.%‘Z(t) = — Z aij(wi(t) — xj(t)) Vi € {1, cen ,Nf}

JEN;
ii(t) =0 Vie {N;+1,...,N}
In matrix form, it becomes:
| x(t) = —Lx(t)
ol = B[]

xp(t) = =Lyxs(t) — Lpxy

where L can be seen as the state matrix and Ly, as the input matrix. The input
x; = x;(0) = x;(t) is constant.

Lemma 3.1.1. If the interaction graph GG between leaders and followers is undirected and
connected, then the followers’ Laplacian L is positive definite.

Proof. We need to prove that:
xpLyxy >0 Vxy#0
As @ is undirected, it holds that:
e The complete Laplacian L is symmetric and thus have real-valued eigenvalues.
e By Lemma 2.3.2, all its non-zero eigenvalues are positive.
e By Lemma 2.3.4, as (G is connected, the eigenvalue A = 0 is simple.
Therefore:
e x'Lx > 0 as all eigenvalues are non-negative.
e x'Lx=0 < x=al for a € R, as A = 0 is simple.
The following two arguments can be made:
]T

1. By choosing x = [Xf 0|, it holds that:

L, Lg| |x
[Xf O] [L?fl L];][f]>0 VX

X?Lfo >0 VXf

2. The only case when x” Lx = 0 for x # 0 is with x = a1 for a # 0. As Vxp X # ol,
it holds that Vx : X?Lfo # 0.

Therefore, Ly is positive definite as Vxy # 0 : X?:L rxg > 0. O

11



Lemma 3.1.2. It holds that xy = —L yxy is globally exponentially stable (i.e., converges
to 0 exponentially).

Proof. As Ly is symmetric and positive definite by Lemma 3.1.1, its eigenvalues are real
and positive. Therefore, —L; have real and negative eigenvalues, which is the condition
of a globally exponentially stable behavior. O

Theorem 3.1.1 (Containment optimality). Given a leader-follower network such that:
e Followers run Laplacian dynamics,
e Leaders are stationary,
e The interaction graph G is fixed, undirected, and connected.

It holds that all followers asymptotically converge to a state (not necessarily the same)
within the convex hull containing the leaders.

Proof. The proof is done in two parts:

Unique globally asymptotically stable equilibrium We want to prove that the follow-
ers’ state x¢(t) converges to some value x¢ g for any initial state. The equilibrium
can be found by solving:

0= —LfXﬁE - Lflxl
where x; = 0 (i.e., reached convergence) and xy g is the equilibrium state.

By Lemma 3.1.1, Ly is positive definite and thus invertible, therefore, we have that:

Xt p = —L;lLlel

Let e(t) = x4(t) — xs g (intuitively, the distance to equilibrium). As the rate of
change of e(t) depends only on x(t) (i.e., &(t) = x¢(t)), we have that:

e(t) = xs(t)
= —Lxs(t) — Lpx
= —Lys(e(t) +xp5) — Lux

— —Lye(t) + LeL:"E7 — Lyl

Lemma 3.1.3. Any equilibrium or trajectory based on an LTI system enjoys the
same stability property of that system.

As Lemma 3.1.2 states that x; = —Lsx, is globally asymptotically stable, by
Lemma 3.1.3, it holds that é(t) = —Lye(t) is also a globally asymptotically stable
system and xy  is the unique globally stable equilibrium of the followers’ dynamics.

Equilibrium within convex hull We want to prove that each element of xy g falls within
the convex hull of the leaders.

For simplicity, let us denote the states vector as xgp = [XﬁE Xl]T and its i-th
component as Tg ;.

The dynamics at convergence of the i-th follower is:

N
0= _Zaij(fL'E,i — l‘EJ') vie{l,... ,Nf}
j=1

12

Containment
optimality



Therefore, we have that:

N N
Zaij TE; = ZaijiEE,j Vie {1,...,Ny}
J=1 j=1

N

Qi .
JSE,i:ZizNUa' zp; Vie{l,...,Ny}
j=1 Luk=1 "%k

As =5 - define a convex combination (i.e., sum of all of them is 1), each follower’s
k=1 %ik
equilibrium z g ; belongs to the convex hull of all the other agents (both leaders and

followers). As leaders are stationary, they are not affected by this constraint and it
can be concluded that followers’ equilibria fall within the convex hull of the leaders.

O

Remark (Leader-follower containment weakness). The final part of the proof of Theo-
rem 3.1.1 also shows that if there is an adversarial follower that does not change its state,
all others will converge towards it.

3.2 Containment with non-static leaders

Containment with non-static leaders Containment problem where leaders’ dynamics is  Containment with
a non-zero constant (i.e., they also move): non-static leaders

%p(t) = ~Lyxg(t) ~ Lpa(t) - x4(0) =y
x(t) = vo x;(0) =x
where vq is the leaders’ velocity.
Theorem 3.2.1 (Containment with non-static leaders non-equilibrium). Naive contain-
ment with non-static leaders do not have an equilibrium.

Proof. 1deally, the equilibria for followers’ and leader’s dynamics are:

0= —Lfo,E - LleZ,E
0= Vo
Let’s define the containment error (can also be seen as the error to reach the followers’

equilibrium) as:
e(t) = Lyxs(t) + Lyx(t)

Its dynamics depends on the ones of the followers’ and leaders’:
é(t) = Lyxs(t) + Lyxi(t)

= Li(=Lyx;(t) = Lpxi(t)) + Ljvo

= —Lfe(t) + LflVO
By inspecting the value of the containment error e(¢) when it reaches equilibrium we have
that:

0=é(t)
— 0= —Lfe(t) + LflV()
= e(t) = L;lLflVO

13



There are two cases:

) 0 if vo =0 (i.e., same case of Theorem 3.1.1)
e =
L;'Lyvy ifvo#0

Therefore, when leaders are non-static, the containment error converges to a non-zero
constant. Thus, followers’ equilibrium is never reached (i.e., they keep moving) and the
containment problem cannot be solved. O

3.3 Containment with non-static leaders and integral action

Containment with non-static leaders and integral action Leader-follower dynamics de-
fined as: ©)
Xf(t) = —Lfo(t) —Llel(t)—i-Uf(t) Xf(O) =Xy
. 0
(1) = Vo x(0) = x;”
where uy(t) is a distributed control action (can be seen as a correction) that processes
the containment error e(t). It is composed of a proportional controller (i.e., value

proportional to the error) and an integral controller (i.e., value proportional to the
integral of the error):

llf(t) :er(t)+K[/0 e(T)dT

where Kp and K are coefficients for the proportional and integral controller, re-
spectively.

By defining a proxy & for the integral of the error (i.e., sort of accumulator) as
follows:

£(t) = e(t)
= Lyx(t) + Lpxi(t)  €(0) = ¢
The control action can be defined as:

us(t) = Kpe(t) + K&(t)

In the simplest case, uy(t) is a pure integral control where K; = —x;I,k; > 0 is
a sparse matrix (e.g., diagonal) and Kp = 0. The overall system can be defined in
matrix form as:

xy(t) Ly —Lp K| [x4(f) 0
)'(‘l(t) = 0 0 0 Xl(t) + [I] vo
£(t) Ly Ly 0] [&(1) 0

Remark. The value of this formulation of the control action for an agent ¢ is:
up,(t) = £1&(t)

It can be seen that it is computable as a distributed system as k; is constant and &;(t) is
based on the Laplacian (i.e., it is sufficient to look up the neighbors’ states).

14
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Theorem 3.3.1 (Containment with non-static leaders and integral action optimality).
With the integral action, containment with non-static leaders converges to a valid solution.

3.4 Containment with discrete-time

Containment with discrete-time Containment can be discretized using the forward-Eurler Containment with
discretization. Its dynamics is defined as: discrete-time

Xi(t) = — Y aij(wi(t) —z;(t) Vie{l,...,Ny}

JEN;
xi(t) =0 Vie {Ny+1,...,N}
And the followers’ states are sampled with a time-step € > 0 while the leaders’ is
constant:
k+1 _
i = xi(t)‘t:(kﬂ)s
k .
=x;te xi(t)|t:ks
= 1—52@2-]- xf—i—eZazjxf Vie{l,...,Ny}
JEN; JEN;
=gk Vie(N;+1,... N}

In matrix form, it can be defined as:
XZH | I—eLy —eLyp XZ
Xl+1 - 0 I X,
3.5 Containment with multivariate states

Containment with multivariate states With multivariate states, it can be shown that the = Containment with
dynamics is described as: multivariate states

x(t) = —L ® I;x(t)

where ® is the Kronecker product.

15



4 Optimization

4.1 Definitions

4.1.1 Unconstrained optimization

Unconstrained optimization Problem of form: Unconstrained
optimization
min /(z)
zER4
where [ : R — R is the cost function and z the decision variables.

Theorem 4.1.1 (First-order necessary condition of optimality). Given a point z* and a  First-order necessary
cost function [ : R? — R such that I € C! in B(z*,¢) (i.e., neighbors of z* within a radius condition of
g), it holds that:

optimality

z" is local minimum = Vi(z*) =0

Theorem 4.1.2 (Second-order necessary condition of optimality). Given a point z* and  Sccond-order

a cost function I : R? — R such that [ € C? in B(z*,¢), it holds that: necessary condition

of optimality

z* is local minimum = V?I(z*) > 0 (i.e., positive semidefinite)

4.1.2 Convexity

Convex set A set Z C R? is convex if it holds that: Convex set

Vza,2B € Z : (Ela €1[0,1] : (aza+ (1 —a)zp) € Z)

Z

Convex set Nonconvex set,

Convex function Given a convex set Z C R%, a function | : Z — R is convex if it holds Convex function
that:

Vza, 25 € 2 : (Ela €[0,1] : l(aza + (1 — a)zg) < al(za) + (1 — a)l(zB))
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Remark. Given a differentiable and convex function [ : Z — R, it holds that any
of its points lie above all its tangents:

Vza,zp € Z : l(zp) > 1(z4) + VZ(ZA)T(ZB —7y)

=7 (24, 0(2a))

Strongly convex function Given a convex set Z C RY, a function | : Z — R is strongly
convex with parameter p > 0 if it holds that:

Vza,2p € Z,24 # 21 : <E|oz €(0,1): l(aza+ (1 —a)zp) <
al(z4) + (1~ 0)i(z) ~ Lol — o) las — zp?)

Intuitively, it is strictly convex and grows as fast as a quadratic function.

Remark. Given a differentiable and p-strongly convex function [ : Z — R, it holds
that any of its points lie above all the paraboloids with curvature determined by u
and tangent to a point of the function:

Vau,zp € Z : 1(zp) > (z4) + Vi(za) (25 — 24) + %HZB — 4|

A geometric interpretation is that strong convexity imposes a quadratic lower-bound
to the function.

Lemma 4.1.1 (Convexity and gradient monotonicity). Given a differentiable and convex
function I, its gradient VI is a monotone operator, which means that it satisfies:

Vza, 25 : (Vi(za) — Vi(zg))" (24 —25) > 0

Lemma 4.1.2 (Strict convexity and gradient monotonicity). Given a differentiable and
strictly convex function [, its gradient VI is a strictly monotone operator, which means
that it satisfies:

Vza,zp : (Vi(za) — Vl(zB))T(zA —zp) >0

Lemma 4.1.3 (Strong convexity and gradient monotonicity). Given a differentiable and
p-strongly convex function [, its gradient VI is a strongly monotone operator, which means
that it satisfies:

Vza,25 ¢ (Vi(za) — Vi(zp))" (24 — 25) > pl|za — 25>

Lipschitz continuity Given a function [, it is Lipschitz continuous with parameter L > 0
if:
Vza,2B : ||l(za) — U(zB)|| < L|jza — 23]
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Remark. Given a differentiable function [ with L-Lipschitz continuous gradient VI,
it holds that any of its points lie below all the paraboloids with curvature determined
by L and tangent to a point of the function:

L
Vza,2p € Z : (zg) < l(za) + Vi(za)T (25 — 24) + EHZB — 24

A geometric interpretation is that Lipschitz continuity of the gradient imposes a
quadratic upper-bound to the function.

Lemma 4.1.4 (Convexity and Lipschitz continuity of gradient). Given a differentiable ~Convexity and
convex function [ with L-Lipschitz continuous gradient VI, its gradient is a co-coercive LITI)S‘T]‘{_T’Z T“““”“‘ty
. . . Ol gradlent
operator, which means that it satisfies: -

Vau 2 (Vi(as) - VZ(ZB))T(ZA _2p) > %HW(ZA) _ Vi(zp)|?

Lemma 4.1.5 (Strong convexity and Lipschitz continuity of gradient). Given a differen- ~ Strong convexity and
tiable p-strongly convex function [ with L-Lipschitz continuous gradient VI, its gradient L}il’““hifz ‘t'“““““m'
. N o . . O gl'ii‘ 1en

is a strongly co-coercive operator, which means that it satisfies: ‘

1
124 —25|* + —— [ Vi(z4) = Vi(zp)]|*

VZA,ZB : <VZ(ZA) —VZ(ZB))T(ZA—ZB) > Iu,uL

+L w+L
S~~~ ~—~—
Y1 V2

4.2 lterative descent methods

Theorem 4.2.1. Given a convex function [, it holds that a local minimum of [ is also
global.

Moreover, in the unconstrained optimization case, the first-order necessary condition of
optimality is sufficient for a global minimum.

Theorem 4.2.2. Given a convex function [, it holds that z* is a global minimum if and
only if Vf(z*) = 0.

0

Iterative descent Given a function [ and an initial guess z", an iterative descent algorithm  Iterative descent

iteratively moves to new points z* such that:

Yk e N: (28 < 1(2Y)

4.2.1 Gradient method

Gradient method Algorithm that given the function ! to minimize and the initial guess Gradient method
z°, computes the update as:

zk+1 — Zk o OékVZ(Zk)

18



where o > 0 is the step size and —VI(z*) is the step direction.

Theorem 4.2.3. For a sufficiently small o > 0, the gradient method is an iterative
descent algorithm:

1(z"h) < 1(2Y)

Proof. Consider the first-order Taylor approximation of I(z**1) about z*:

1(z"h = 1(2%) + VI(ZM)T (28 — 2F) + o(||2F T — 2%)))
— 1(z") — o[ VU)|? + o(a)
Therefore, 1(z*+1) < I(z*) for some o*. O
Remark (Step size choice). Possible choices for the step size are: Step size choice

Constant Yk e N: of = a > 0.

Diminishing o* "2, To avoid decreasing the step too much, a typical choice
is an o such that:

o o0
Zak =00 Z(Ozk)Q < 00
k=0 k=0

Line search Algorithmic methods such as the Armijo rule.

Generalized gradient method Gradient method where the update rule is generalized as:  Generalized gradient
method

Zk‘+1 — Zk o OékaVZ<Zk)

where D* € R¥? is uniformly positive definite (i.e., ;1 < D* < §I for some
52 > (51 > 0)

Possible choices for D are:
e Steepest descent: D* = TI.
e Newton’s method: D¥ = (V2[(z*))~!.
e Quasi-Newton method: D* = (H(z*))~!, where H(z") ~ V2i(z").

Gradient method as discrete-time integrator with feedback The gradient method can  Gradient method as
be interpreted as a discrete-time integrator with a feedback loop. This means that —(screte-time

.. integrator with
it is composed of: Y

feedback

k k

Integrator A linear system that defines the update: zFt! = zF — aqu*.

Plant A non-linear (bounded) function whose output is re-injected into the inte-
grator. In this case, it is the gradient: u® = Vi(z"*).

k k
u Jo S N ol
uk = v (2F)
Theorem 4.2.4 (Gradient method convergence). Consider a function [ such that: Gradient method

convergence

e VI is L-Lipschitz continuous,
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e The step size is constant or diminishing.

Let {z"}ren be the (bounded) sequence generated by the gradient method. It holds that
every limit point Z of the sequence {z*},cy is a stationary point (i.e., VI(2) = 0).

In addition, if [ is u-strongly convex and the step size is constant, then the convergence
rate of the sequence {z"}ecn is exponential (also said geometric or linear):

12" — z*|| < Mp"*
where p € (0,1) and M > 0 depends on u, L, and ||z° — z*|.
Proof. We need to prove the two parts of the theorem:

1. We want to prove that any limit point of the sequence generated by the gradient
method is a stationary point.

In other words, by considering the gradient method as an integrator with feedback,
we want to analyze the equilibrium of the system. Assume that the system converges
to some equilibrium zg. To be an equilibrium, it must be that the feedback loop
stopped updating the system (i.e., uf = 0 for k after some threshold) so that:

7Zp — Zp — OzVZ(ZE)

Therefore, an equilibrium point is necessarily a stationary point of [ as it must be
that Vi(zg) = 0.
2. We want to prove that if [ is p-strongly convex and the step size is constant, the
sequence converges exponentially.
| Remark. As [ is convex, its equilibrium is also the global minimum z*.
Consider the following change in coordinates (i.e., a translation):
k

z"— 1z

with z° = zF —zp = 2* — 2*

k

The system in the new coordinates becomes:

ZEtt =28 — qu®
u® = Vi(z")
= VI(z" + 2*)
= Vi(Z" + z") — Vi(z") Vi(z*) = 0, but useful for Lemma 4.1.5
k sk
LN P = 2k aub :

uk = veEF + 2%)

Remark. As [ is strongly convex and its gradient Lipschitz continuous, by
Lemma 4.1.5 it holds that:

—(u")T2" < ||Z"]* — 2@
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Consider a Lyapunov function V : RY — R>0 defined as:
V(z) =|z|?
It holds that:

V(@ ) — V(@) = (1277 - |28

:W— 20(uF)T'ZF + o?||u”|? —W Lemma 4.1.5

< —2a71)|2"|* + a(a — 242)u”|?

By choosing a < 272, we have that:

V(M) - v(z")
2k+1”2 _ ”ZkHQ

IN

—2am||z"|”

A

—2am1 2" |2

Sk+12 Sk |2
= [lZ771° < (1 - 2am)12"|
Finally, as the gradient method is an iterative descent algorithm, it holds that:

12511 < (1 = 2am) 12"

IN

< (1= 20m)")12°|I?

Therefore, the sequence {ik }rer goes exponentially fast to zero and we have shown
that:

124 — 2*|* < (1 - 2am)"||2” — 2"||?

O

Remark (Gradient method for a quadratic function). Given the problem of minimizing
a quadratic function:

1
min §ZTQZ +1lz Vi=Qz"+r
z
The gradient method can be reduced to an affine linear system:
Zk+1 — Zk _ Oc(QZk + I‘)

= (I - aQ)z" — ar

For a sufficiently small o, the matrix (I — aQ) is Schur (i.e., Vp,|p| < 1: Y 2 p' =
(1 — p)~1). Therefore, the solution can be computed in closed form as:

k—1
2" = (I — aQ)k2’ — aZ(I —aQ)'r
=0
e SN <Z(I — CYQ)T> r=-Q 'r
7=0

Remark (Gradient flow). By inverting the integrator and plant of the discrete-time inte-
grator of the gradient method, and considering the continuous-time case, the result is the

21

Gradient method for
a quadratic function

Gradient flow



gradient flow:

2(t) = =Vi(z(t))

which has a solution if the vector field is Lipschitz continuous.

ok

> y* = —aVeWF)

y(t) -

k v(t
- O] o) = —avewe
5(t) = ()
v(t) = 2(t)

4.2.2 Accelerated gradient methods

Heavy-ball method Given 7,° and 17!, the algorithm is defined as:

=0 +ai(nf =) — as V()

with oy, > 0.

size ao.

Remark. The algorithm admits a state-space representation as a discrete-time in-

tegrator with a feedback loop:

,Uk: -

v = —as VE(vF)

-

s

-

e b

1+ oy

Note that the matrix { 1

¢ =Ftan (¢ = FTY = o VI(CE + as(CF - ¢FTY)

with aq, as, a3 > 0.

Remark. The algorithm admits a state-space representation as a discrete-time in-

tegrator with a feedback loop:

0

] is row stochastic.

vk
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4.3 Cost-coupled optimization

Cost-coupled optimization Problem of minimizing N cost functions I; : R¢ — R, each Cost-coupled

local and private to an agent: optimization
N

min » [;(z)

d
zeR im1

4.3.1 Learning paradigms

Federated learning Problem where N agents with their local and private data D’ want Federated learning
to learn a common set of parameters z* based on the same loss function (evaluated
on different data points):

N
mzin Z l(z; DY)
i=1
A centralized parameter server (master) is responsible for aggregating the estimates
of the agents (e.g., pick some nodes and average them).

Distributed learning Federated learning where there is no centralized entity and agents Distributed learning
communicate with their neighbors only.

(a) Federated learning (b) Distributed learning

4.4 Federated learning

4.4.1 Batch gradient method

Batch gradient method Compute the direction for the gradient method by considering Batch gradient
all the losses: method

N
2"l =28 Z Vi (")
i=1
| Remark. Computation in this way can be expensive.

4.4.2 Incremental gradient method

Incremental gradient method At each iteration k, compute the direction by considering [ncremental gradient

the loss of a single agent ik method

2" = 2% — aVi(2")
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Remark. Two possible rules to select the agent at each iteration are:
Cyclic i* =1,2,...,N,1,2,...,N,..., or cyclic in any order (essentially cyclic).

Randomized Draw i* from a uniform distribution.
| Remark. A single gradient is not necessarily a descent direction.

Theorem 4.4.1. If the step size is diminishing, the incremental gradient method
converges.

4.4.3 Stochastic gradient descent
Stochastic gradient descent (SGD) Instance of incremental gradient method where the
selection rule follows an unknown distribution.

The problem can be formulated as:

in Eyy[l(z, W
min Eyy[i(z, W)]

where W is a random variable with possibly an unknown distribution.

It is assumed that, given any realization w of W (e.g., the index of an agent or a
single data point), it is possible to obtain the gradient Vi(z,w) at any query point
z. The optimization step at each iteration is then:

2"t = 28 — aVi(zF, w")

Remark. Monte Carlo approximation can be used to represent the expected value
with a finite sequence of realizations:

1 K
W[l(zv W)] ~ E Zl(z7wk)
k=1

Theorem 4.4.2 (SGD convergence with constant step size). Given a function [ such
that:

e [ is p-strongly convex with L-Lipschitz continuous gradient (i.e., bounded),
e Vi(z,) is an unbiased estimate of V,Ew[l(z, W)],

e |[Vi(z,W)| < My almost surely (i.e., asymptotically with probability 1) for
some My > 0.

With a constant step size a < % 1, it holds that at any time step k:

a2 aM?2
2" - 2*] < (1 — 2u0)* (||z° _2| - V) Loy

21 2u
N——

Error term Residual term

where the error diminishes over time and the residual term is constant.

Theorem 4.4.3 (SGD convergence with diminishing step size). With a diminishing
step size, both the error and the residual converge to 0.

Mini-batch SGD SGD where the update at each time step k is based on a set ZF C
{1,..., N} of realizations of W:

2" =2F — o g Vi(z", w)
i€k
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4.4.4 Adaptive momentum

Adaptive momentum (ADAM) Method based on the first and second momentum of the —Adaptive momentum
gradient: (ADAM)

mFrtl = Blmk +(1- ﬁl)Vl(zk, wk)
VR Z Bovk 4 (1= By) (W(zk,wk))2

where 1, B2 € (0,1) are hyperparameters.

The descent direction is defined as:

. 1 1
"~ k+1 k+1

= —— 1IN S —
k+1 k+1
1 - 1 1 - 2

dF =

- VYV te
The update is performed as:
2"t =28 4 ad”

4.5 Distributed cost-coupled/consensus optimization

Distributed cost-coupled optimization Optimization problem with N agents that com- Distributed
municate according to a graph GG aiming at learning a common set of parameters z cost-coupled
such that:

optimization
N
min li(z
z€Z “ Z( )
=1
where:

e Each agent i knows its loss I; (based on its available data) and the parameter
space Z,
k

o At each time step k, each agent ¢ estimates a set of parameters z;.

Remark. Using as direction the sum of the gradients of all agents is not possible as not
everyone can communicate with everyone.

4.5.1 Distributed gradient algorithm

Distributed gradient algorithm Method that estimates a (more precise) set of parameters — Distributed gradient
as a weighted sum those of its neighbors’ (self-loop included): algorithm

k+1 __ Sk
v, = E QijZ;
JEN;
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Then, the update step is performed using Vf“ and the agent’s own local loss [;:
Zéﬂ-‘rl _ Vf+1 _ OékVZj(Vf+1)
= Z aijz? — aleZ Z aijzé?
JEN; JEN;
Theorem 4.5.1 (Distributed gradient algorithm convergence). Assume that:

e The matrix A associated to the undirected and connected communication graph G
is doubly stochastic and such that a;; > 0,

e The step size is diminishing,

e Each [; is convex, has gradients bounded by a scalar C; > 0, and there exists at least
one optimal solution.

Then, the sequence of local solutions {zf}keN of each agent i produced using the dis-
tributed gradient algorithm converges to a common optimal solution z*:

lim ||z¥ —z*|| =0
k—o0

Distributed projected subgradient algorithm Distributed gradient algorithm extended to
the case where [; are non-smooth convex functions and z is constrained to a closed
convex set Z C R?. The distributed step is the following:

k+1 _ ok
v, —E aijZ;

JEN;
zf“ =Py (vi-chl — ak@li(viﬁl))

where Pz(-) is the Euclidean projection onto Z and Vi; is a subgradient of I;.

Theorem 4.5.2 (Distributed projected subgradient algorithm convergence). Assume
that:

e The adjacency matrix A associated to G is doubly stochastic and a;; > 0,
e The step size is diminishing,

e Each [; is convex, has subgradients bounded by a scalar C; > 0, and there exists at
least one optimal solution.

Then, each agent converges to an optimal solution z*.

Theorem 4.5.3. The distributed gradient algorithm does not converge with a constant
step size.

Proof idea. We want to check whether the optimum z* with a constant step size « is an
equilibrium:

N N
z¥ = E a;jz" — aVl; g a;jz”"
=1 j=1

* * A doubly stochastic
=z" —aVli(z
v Z( ) and z* constant
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In general, VI;(z*) # 0 (z* is the optimum for the whole problem, but I/; depends on the
subset of data available to the agent). Therefore, z* is not an equilibrium. O

4.5.2 Gradient tracking algorithm

Dynamic average consensus Consensus algorithm where each agent measures a signal rf
and wants to estimate the average signal of all agents:

1 N
i=1

The average signal estimated by an agent is represented by a state sf and we want

that limg o ||s¥ — 78| = 0. This can be achieved using a perturbed consensus
algorithm:
k+1 _ k+1l _  k
S; —Z%S + (T =)
JEN:
—_—— —— ——
Consensus Innovation
where:

e The consensus term converges to the states average.
e The local innovation allows converging to the common signal.

Theorem 4.5.4 (Dynamic average consensus convergence). If the first-order differ-
ences are bounded (i.e., |[r*™ — 7¥|| < Cy), then the tracking error is bounded by
some Cy > 0:

lim ||s¥ — 7| < Cy

k—o00

Moreover, the error is zeroed if the signal becomes constant after some time k (i.e.,
k1l _ ok
7 rill = 0).

Gradient tracking algorithm Method that chooses the local descent direction attempting
to asymptotically track the true gradient:

df — ——th z¥)

k—o0

By using dynamic average consensus, we consider as signal the local gradient:
= Vii(z)

Then, the estimate of the average signal (i.e., gradient) is given by:

k+1 Z ast +< (2 k+1) —Vli(zf))

JEN;

The update step is then performed as:

kl
+ Zawj—asi

JjEN;

Theorem 4.5.5 (Gradient tracking algorithm optimality). If:

e A is the adjacency matrix of an undirected and connected communication
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graph G such that it is doubly stochastic and a;; > 0.

e Each cost function I; is u-strongly convex and its gradient L-Lipschitz contin-
uous.

Then, there exists o > 0 such that, for any choice of the step size a € (0,a*), the
sequence of local solutions {z¥} ey of each agent generated by the gradient tracking
algorithm asymptotically converges to a consensual optimal solution z*:

lim ||z¥ —z*| =0
k—o0

Moreover, the convergence rate is linear and stability is exponential:

Fo € (0,1) : |lzf —2*|| < pllz; ™t —2*|| A pllzi Tt — 2| < pFl2f - 27|

% %

Remark. It can be shown that gradient tracking also works with non-convex optimization
and, under the correct assumptions, converges to a stationary point.
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5 Formation control

5.1 Intuition with mass-spring systems

Mass-spring system System of N masses where each mass i has a position z; € R and Mass-spring system
is connected through a sprint to mass ¢ — 1 and ¢ + 1. Each spring has an elastic
constant a;; = a;; > 0.

m; mMi41
Qj—1,4 Qg 4+1

The elastic force F, ;(z) at mass 7 is given by:
Fei(z) = —aii—1(zi — 2i-1) — ii41(0i — Tit1)

Equivalently, it is possible to express the elastic force as the negative gradient of the
elastic energy:

o (1 1
Fei(w) = —5 - <Qai,i1|$i =il + S i - 561:+1||2>
1

Mass-spring system with two springs Assume that the springs of a mass-spring system  Mass-spring system
can be split with halved elastic constants. with two springs

1. . 1o )

mi_1 3Qi,i—1 mi 2 %it1,4 mit1
1 1
3Ai—1,i 3 Qi,i+1

Accordingly, the elastic force can be defined as:

1 1 1 1
Fei(x) = —Qai,i_l(wi — L) — §ai_1,i(l‘i — L) — §ai,i+1(xi — Tiy1) — §Gi+1,i(l’i — Tiq1)
1 1 1 1
= _iai,i—l(xi —xi—1) + §ai—1,i($i—1 —x;) — iai,i-i-l(xi — Tiy1) F §Gi+1,i(xi+1 — ;)
0 (la;;_ la;_1; la;; la; 1
= o (525 e el 525 e =l 4 S P 4 52 g — il

The total potential energy (i.e., sum of the function in the derivative over all masses)
can be compactly defined as:

N
la@'
Vi)=Y 3 55 e —

i=1 jeN; la;;

N Vi@, i) = 5= i — a5
=2 > Vilwia))

i=1 jEN;
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where N; = {i — 1,i+ 1}.

Then, the potential energy at mass ¢ can be written as:

Vi) = Y (Vij(ai ) + Vi, 21))
JEN;

Finally, the elastic force at mass ¢ can be reformulated as:

9
axi

0
= on > Viglai,a)) + Vil x:))
b \jen;
0
= —87%‘/%(9”)
0
N _8xlv(x)

Feoi(z)=— (W,i—1($i7 zi—1) + Vicvi(mict, i) + Vi (2, zig1) + Vigri(@iga, xz))

Remark. The system can be generalized to a graph of interconnected masses.

g =
11
m2

By adding a damping coefficient (i.e., dispersion of velocity) ¢ = 1, the overall system
dynamics can be defined as:

i‘i = V;
0 0
Ozvlv(x) U 8.1‘Z

where m; is the mass of the i-th mass.

mﬂ}i = —V; — C

V(x)

By assuming small masses m;, the following approximation can be made:

_ 0 0
mil;, = —v; — 8xiv(x) = v & —axiV(x)
0
i = — =F,;
b= = V(@) = Fuilo)

By more explicitly expanding the dynamics of the i-th mass, we have that:

. 0
Bi=— ) %W,j(%@j) + Vj,i(ﬂcjvl“i))
jeN;
L a;, 2 1aji 2
= (3 sz—wm-+2;W%—wd>

1
- Z < aW j) - §aj7i($j - xz)) ai,; = aj,; (G undirected)

JEN;
JEN;

= — E Qg j (xl — l’j) i.e., Laplacian dynamics
JEN;
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Therefore, the overall system follows a Laplacian dynamics and can be equivalently
formulated as the gradient flow of V:

x=—-Lx=-VV(x)

1 %V(m)
N %V(ZL’)

And consensus is reached at a stationary point of V(x).

5.2 Formation control based on potential functions

Remark. The gradient flow based on the global potential function/energy can be com-
puted in a distributed way (i.e., it depends only on neighboring states):

0
Bi(t) == %(Vi,j(ﬂfiaxj) + Vj,i(%‘;%))
jen;

Formation control Consider N agents with states x;(t) € R? and communicating accord- ~ Formation control
ing to a fixed undirected graph G, and a set of distances d;; = dj;. The goal is to
position each agent respecting the desired distances between them:

V(i j) € B : e — x| = d

To solve the problem, the potential function can be defined as:

Vform Z Z Vform Xiaxj)

i=1 jeN;

Trm 1 2
V£-° (xi,x;) = ] (||Xi - Xj||2 - d?j)

where % is used to cancel out the fraction when deriving.

The gradient flow dynamics is then:

ki=—

O (Vi i)+ VI gy

P ox;
== (Ixi = xjlI* = ) (xi — x;)
JEN;

Remark. Apart from the desired formation, another equilibrium of this dynamics
isxy =x9=---=2xn (i.e., a collision).
Collision avoidance potential function/Barrier function Function V5"(x;,x;) such that: ~ Collision avoidance

potential
an(X' X') = 400 function/Barrier
19 = . .
[[x¢i—x; || —0 t J function

Remark. A possible barrier function is:

Vit (xi, %) = —log(||xi — x;* — d?)
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| where d is the safety distance.

Formation control with obstacle avoidance Formation control where agents avoid colli- Formation control
sions and obstacles. The dynamics is: b
0

%i= g (Vo) + Ve () + V()

avoidance

where:
o VR(x) = YN, >ojen; Vit (xi,x;) and V5*(x;,x;) is the barrier function to
avoid collisions between agents.

o VoPS(x) = Zfi L VPP (x;) and V°P5(x;) is the barrier function to avoid collisions
between an agent and an obstacle.
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6 Cooperative robotics

Cooperative robotics Problem where N agents want to optimize their positions z; € R?
to perform multi-robot surveillance in an environment with:

e A static target to protect ro € R2.
e Static intruders/opponents r; € R?, each assigned to an agent i.

The average position of the agents define the barycenter:

L
o(z) = N Zzi
i=1

The local cost function of agent i is:

li(zi,o(z) = |lzi—ril® + |o(z) — rol|?

close to opponent  barycenter close to protectee

Note that the opponent component only depends on local variables while the target
component needs global information.

| Remark. The barycenter o(z) : R?Y — R? can be seen as an aggregation function.

Remark. A scenario that this formulation fails to handle is when the agents are
placed symmetrically and moves symmetrically as the barycenter remains the same
even if the agents move farther away.

6.1 Aggregative optimization

Aggregative optimization Problem defined as:

Z1,..ZN

N
min Zli(zi, o(z))
i=1
where:
e z=(z1,...,2y) with z; € R™,
e [; : R™ — R% is the loss function of the agent 1,
e o(z) is an aggregation function generically defined as o(z) = + ZZ]\L | ¢i(zi), for
some ¢; : R" — R?

Distributed aggregative optimization Distributed case of aggregative optimization where
each agent has only access to the loss I;, the operator of the aggregation function ¢;,
and the position z; of itself and its neighbors.

| Remark. The goal of the task is not to reach consensus among agents.
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6.1.1 Centralized gradient method

Centralized gradient method (scalar) Consider N agents with z; € R and o : RV — R.
The update step, assuming global access to the parameters, can be performed as:

N
0
Al = am— le(zj,a(zl, JZN))
1 .
=1 2=k
By expanding the derivative, we have that:
P N
p Z Li(z5,0(%1,...,2N))
J=1 Zj:Z;-C
0 0
= 7li(zi,a) Z@ (2,0 . ao’(zl,...,zN)
v k Zj:va t Zj_z.;'c
o= U( ) o=0(z")

Centralized gradient method (vector) Generalized to the vector case, the update step
becomes:

k“ =zF —a |V Zl zj,0(21,...,2N))

=21 ()
And the gradient can be expanded as:
N
le(Zj,O'(Zh R 7ZN))
=1 -
RN
al 1
= V[ZZ}ZZ(ZMU)‘ z;=2F, + ZV[U]lj(Zj,U) ) . NV(bz(zz) )
a:o(zk) j=1 z;=2; z;=2"

o=0(z")

where V|, li(2;, o) is the gradient w.r.t. the first argument and V,l;(z;, 0) is w.r.t.
the second one.

6.1.2 Aggregative tracking distributed optimization algorithm

Aggregative tracking distributed optimization algorithm Algorithm where each agent i
has:

e An estimate z¥ of its optimal position z?,
e An estimate s¥ of the aggregation function o(z*) = & ZN_l cbj(z’?)

e An estimate V of the gradient with respect to the second argument of the loss

S Vieiyli (25, o(24)).
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The step is based on the centralized gradient method using the local estimates:

Z?J’_l :Zf—&(V[z}l ( 17 z)+vkv¢l( )) Z? eRni
k+1 Z a”L]SJ =+ (‘bz k+1 (Zf)) S? = ¢1(Z?)
JEN;
k+1 Z awv + (V k+1 k+1’ f+1) V[sk] ( z;, f)) —V[So]l( i ?)
JEN;

where the estimates s,’f and v,’f are obtained through dynamic average consensus
(Section 4.5.2).

k+1

|Remark. v is a double approximation as it uses s/ ™' and s¥ instead of the real o.

Theorem 6.1.1 (Aggregative tracking distributed optimization algorithm conver-

gence). If:

e The communication digraph G is strongly connected and aperiodic, and A is
doubly stochastic,

o Zf\;l li(+,0(+)) strongly convex with ¢;(-) differentiable and Lipschitz continu-
ous.

o Vigli(+,+), Vigli(+,+), and V;(-)V5)li(+, ) are Lipschitz continuous.

Then, there exists an o* such that, for any step size a € (0,a*), the sequences of
local estimates {ziC sy z’f\,}keN generated using the aggregative tracking distributed
optimization algorithm converge to the optimal solution at a linear rate:

lim ||z — zf| =0
k—o00

6.1.3 Online aggregative optimization
Online aggregative optimization Time-varying case of aggregative optimization where Online aggregative

intruders also move. The problem can be defined as: optimization

Zl zi,0"(z)) subject to z; € Zf

z= (Z17 Z
where Zf is a closed convex set.

Remark. As intruders are dynamic, the optimum of each agent zf’* changes over
time.

Projected aggregative tracking Algorithm for online aggregative optimization defined as:  Projected

aggregative tracking
~ k k
Z§:PZf[Z'_a(v[z}l(zv z)+vv¢1(z)>}

Zith =g L 5(ah - 2F) z) € R™
SE =Y ays) + (o (@) - ol ) S0 = 0u(2))
JEN;
k+1 Z CLZ]V + (V k 1]lf+1( erl, ichl) V[ k]lk( f, f)) V? = V[ Jl (Z?,S?)
JEN;

where P,y is the Euclidean projection and ¢ € (0,1) is a hyperparameter.
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