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1 Finite numbers

1.1 Sources of error

Measure error Precision of the measuring instrument.

Arithmetic error Propagation of rounding errors in each step of an algorithm.

Truncation error Approximating an infinite procedure to a finite number of iterations.

Inherent error Caused by the finite representation of the data (floating-point).

Inherent error

Figure 1.1: Inherent error visualization

1.2 Error measurement
Let x be a value and z its approximation. Then:

Absolute error
E,=12—=x

Note that, out of context, the absolute error is meaningless.

Relative error A

1.3 Representation in base 3

Let 5 € N5 be the base. Each x € R~ {0} can be uniquely represented as:

r=sign(x) (i +d2Bf 2+ +d,B")BP (1.1)

where:
e 0<d; <B—-1
e di #0

e starting from an index 4, not all d; (j > ¢) are equal to § — 1

Measure error

Arithmetic error

Truncation error

Inherent error

Absolute error

Relative error



Equation (1.1) can be represented using the normalized scientific notation as: Normalized scientific
notation

T = :t(Odldg e )ﬁp

where 0.d1ds ... is the mantissa and P the exponent. Mantissa
Exponent

1.4 Floating-point

A floating-point system F(f3,t, L,U) is defined by the parameters: Floating-point

e (3: base

e ¢: precision (number of digits in the mantissa)

e [L,U]: range of the exponent
Each z € F(5,t,L,U) can be represented in its normalized form:

x==2(0.dida...d)? L<p<U (1.2)
We denote with £1(x) the representation of € R in a given floating-point system.
Example. In F(10,5,—3,3), x = 12.3 is represented as:
£1(x) = 4+0.12333 - 10?

1.4.1 Numbers distribution
Given a floating-point system F(f3,t, L, U), the total amount of representable numbers is:
281U -~ L+1)+1

Representable numbers are more sparse towards the exponent upper bound and more
dense towards the lower bound. It must be noted that there is an underflow area around
0.
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Figure 1.2: Floating-point numbers in F(2,3, -1, 2)

1.4.2 Number representation
Given a floating-point system F(f,t, L, U), the representation of x € R can result in:
Exact representation if p € [L,U] and d; = 0 for i > t.

Approximation if p € [L, U] but d; may not be 0 for 7 > ¢. In this case, the representa-  Truncation
tion is obtained by truncating or rounding the value. Rounding

Underflow if p < L. In this case, the value is approximated to 0. Underflow

Overflow if p > U. In this case, an exception is usually raised. Overflow



1.4.3 Machine precision

Machine precision ep,0, determines the accuracy of a floating-point system. Depending Machine precision
on the approximation approach, machine precision can be computed as:

Truncation e, = 177
Rounding epacn = 3871

Therefore, rounding results in more accurate representations.
€mach 18 the smallest distance among the representable numbers (Figure 1.3).

€mach 7 7
L16 +]

0 1 1 1
4 2

Figure 1.3: Visualization of epacn in F(2,3,—1,2)

In alternative, e, can be defined as the smallest representable number such that:

f1(1 4 emach) > 1.

1.4.4 IEEE standard
IEEE 754 defines two floating-point formats:
Single precision Stored in 32 bits. Represents the system F(2,24, —128,127). float32

| 1 (sign) | 8 (exponent) [ 23 (mantissa) |

Double precision Stored in 64 bits. Represents the system F(2,53, —1024, 1023). float64

[ 1 (sign) | 11 (exponent) | 52 (mantissa) |

As the first digit of the mantissa is always 1, it does not need to be stored. Moreover,
special configurations are reserved to represent Inf and NaN.
1.4.5 Floating-point arithmetic
Let:
e +:R xR — R be a real numbers operation.
e @ : F x F — F be the corresponding operation in a floating-point system.
To compute x @ y, a machine:

1. Calculates x + y in a high precision register (still approximated, but more precise
than the floating-point system used to store the result)

2. Stores the result as £1(z +y)
A floating-point operation causes a small rounding error:

(zdy) —(z+y)
r+y

< €mach

However, some operations may be subject to the cancellation problem which causes
information loss. Cancellation



Example. Given z = 1 and y = 1-10~'7, we want to compute = + y in F(10,16,U, L).
It is assumed that U and L are sufficient for this example.

z=1l(x) + £1(y)
=0.1-10'+0.1-10716
16 zeros
1
=(0.140.0...01)-10

15 zeros

7 N 1
=0.10...01-10

15 zeros

—
Then, we have that £1(z) = 0.10...0-10' =1 = 2.



2 Linear algebra

2.1 Vector space

A vector space over R is a nonempty set V', whose elements are called vectors, with two
operations: Vector space

Addition +: VXV -2V
Scalar multiplication -:RxV —V

A vector space has the following properties:
1. Addition is commutative and associative
2. A null vector exists: 30 € V st. VueV:0+u=u+0=u
3. An identity element for scalar multiplication exists: Yu € V : lu = u

4. Each vector has its opposite: Yue€ V,dJac€ V:a+u=u+a=0.
a is denoted as —u.

5. Distributive properties:
Vae R,Vu,w eV :a(u+w) =au+aw
Va,B e R,Vu eV : (a+ f)u=au+ fu
6. Associative property:

Va, € R,Vu eV : (af)u = a(fu)

A subset U C V of a vector space V is a subspace iff U is a vector space. Subspace
2.1.1 Basis
Let V be a vector space of dimension n. A basis § = {vi,...,v,} of V is a set of n Basis

linearly independent vectors of V.
Each element of V' can be represented as a linear combination of the vectors in the basis

B:
YVweV:w=MA\vy+ -+ \,v, where \; € R

The canonical basis of a vector space is a basis where each vector represents a dimension
i (i.e. 1 in position 7 and 0 in all other positions). Canonical basis

Example. The canonical basis 8 of R? is 8 = {(1,0,0), (0, 1,0), (0,0,1)}

2.1.2 Dot product

The dot product of two vectors in x,y € R" is defined as: Dot product

n
(x,y) :XT}’:Z%"%

i=1



2.2 Matrix

This is a (very formal definition of) matrix: Matrix
a11 ai2 ... Qln
a21 a2 -.. Q2n
A=
am1 Am2 ... Gmn

2.2.1 Invertible matrix

A matrix A € R"™" is invertible (non-singular) if: Non-singular matrix
dJBeR"™": AB=BA=1
where I is the identity matrix. B is denoted as A1,

2.2.2 Kernel

The null space (kernel) of a matrix A € R™*™ is a subspace such that: Kernel
Ker(A) = {x € R": Ax =0}

Theorem 2.2.1. A square matrix A with Ker(A) = {0} is non singular.

2.2.3 Similar matrices

Two matrices A and D are similar if there exists an invertible matrix P such that: Similar matrices
D=P'AP

2.3 Norms

2.3.1 Vector norms

The norm of a vector is a function: Vector norm
|-]:R" =R

such that for each A € R and x,y € R™
e x| =0
e x| =0 <= x=0
o [[Ax[| = [A]-[Ix]|
o [x+yll <lxl+Iyl
Common norms are:

2-norm ||x|l> = /37, o7

l-norm |x||; = >0 |2l



oo-norm ||x||oe = maxi<i<p |zil

In general, different norms tend to maintain the same proportion. In some cases, unbal-
anced results may be obtained when comparing different norms.

Example. Let x = (1,1000) and y = (999, 1000). Their norms are:

[x]|2 = v/1000001 ||yl = v/1998001
X0 = 1000 [l¥]lso = 1000

2.3.2 Matrix norms
The norm of a matrix is a function: Matrix norm
|- : R™"™ - R
such that for each A € R and A, B € R™*™:
o [|A][=0
e |A|=0 <= A=0
o [[AA[ =[] [lA]
e [A+B| <Al +]B]

Common norms are:

2-norm || All> = /p(ATA),

where p(X) is the largest absolute value of the eigenvalues of X (spectral radius).

1-norm ||A||; = maxi<j<n oy |aij| (i.e. max sum of the columns in absolute value)

Frobenius norm [|A|F = /37", 3770, a7 ;

2.4 Symmetric, positive definite matrices

Symmetric matrix A square matrix A € R™*" is symmetric <= A = AT Symmetric matrix
Positive semidefinite matrix A symmetric matrix A € R™*" is positive semidefinite iff Positive semidefinite
matrix

Vx € R"~ {0} : xT Ax >0

Positive definite matrix A symmetric matrix A € R™*" is positive definite iff Positive definite
matrix

Vx € R"~ {0} : xT Ax >0

It has the following properties:

1. The null space of A has the null vector only: Ker(A) = {0}.
Which implies that A is non-singular (Theorem 2.2.1).

2. The diagonal elements of A are all positive.



2.5 Orthogonality
Angle between vectors The angle w between two vectors x and y can be obtained from:

(x,y)

COSW =
1x[l2 - flyll2

Orthogonal vectors Two vectors x and y are orthogonal (x L y) when:
(x,y) =0
Orthonormal vectors Two vectors x and y are orthonormal when:

x Ly and [x|| =yl =1

Theorem 2.5.1. The canonical basis of a vector space is orthonormal.

Orthogonal matrix A matrix A € R™ " is orthogonal if its columns are orthonormal
vectors. It has the following properties:

1. AAT =T = AT A, which implies A~ = AT,
2. The length of a vector is unchanged when mapped through an orthogonal ma-

trix:

lAx(1* = |lx]*

3. The angle between two vectors is unchanged when both are mapped through
an orthogonal matrix:
(Ax)" (Ay) x"y

COSwW = =

lAx] - Ayl ] - Tyl

Note: an orthogonal matrix represents a rotation.

Orthogonal basis Given a n-dimensional vector space V' and a basis § = {b1,...,b,} of
V. B is an orthogonal basis if:

b; L bj for i # j (i.e. (b;,b;) = 0)
Orthonormal basis Given a n-dimensional vector space V and an orthogonal basis g =
{b1,...,b,} of V. 3 is an orthonormal basis if:
[bill2 = 1 (or (bs, b;) = 1)
Orthogonal complement Given a n-dimensional vector space V and a m-dimensional

subspace U C V. The orthogonal complement U+ of U is a (n — m)-dimensional
subspace of V' such that it contains all the vectors orthogonal to every vector in U:

VweV:welUl «— (VuecU:w Lu)

Note that U N U+ = {0} and it is possible to represent all vectors in V as a linear
combination of both the basis of U and U+,

The vector w € UL s.t. ||w|| = 1 is the normal vector of U.

Angle between
vectors

Orthogonal vectors

Orthonormal vectors

Orthogonal matrix

Orthogonal basis

Orthonormal basis

Orthogonal
complement

Normal vector



UJ_

Figure 2.1: Orthogonal complement of a subspace U C R?

2.6 Projections

Projections are methods to map high-dimensional data into a lower-dimensional space
while minimizing the compression loss.
Let V' be a vector space and U C V a subspace of V. A linear mapping 7 : V — U is a

(orthogonal) projection if:

7T2:7TO7T:7T

In other words, applying 7 multiple times gives the same result (i.e. idempotency).
7 can be expressed as a transformation matrix P, such that:

P:=P,

™

2.6.1 Projection onto general subspaces

To project a vector x € R” into a lower-dimensional subspace U C R", it is possible to
use the basis of U.

Let m = dim(U) be the dimension of U and B = (by,...,by,) € R an ordered basis
of U. A projection 7y (x) represents x as a linear combination of the basis:

mu(x) = > Ab; = BA
=1

where A = (A1,..., A\n)? € R™ are the new coordinates of x and is found by minimizing
the distance between 7y (x) and x.

2.7 Eigenvectors and eigenvalues

Given a square matrix A € R™" X € C is an eigenvalue of A with corresponding
eigenvector x € R™ \ {0} if:
Ax = Ax

It is equivalent to say that:
e ) is an eigenvalue of A € R™*"

e Ix e R"\ {0} s.t. Ax=)\x
Equivalently the system (A — AI,,)x = 0 is non-trivial (x # 0).

e rank(A — \I,) <n

Orthogonal
projection

Projection onto
subspace basis

Eigenvalue
S

Eigenvector



e det(A — \I,,) =0 (i.e. (A — \I,) is singular (i.e. not invertible))

Note that eigenvectors are not unique. Given an eigenvector x of A with eigenvalue A, we
can prove that Ve € R\ {0} : ex is an eigenvector of A:

A(ex) = ¢(Ax) = cAx = A(ex)

Theorem 2.7.1. A € R"*™ is symmetric positive definite <= its eigenvalues are all
positive.

Eigenspace Set of all the eigenvectors of A € R™ "™ agsociated to an eigenvalue A. This
set is a subspace of R".

Eigenspectrum Set of all eigenvalues of A € R™*™.

Geometric multiplicity Given an eigenvalue A of a matrix A € R™"™. The geometric
multiplicity of A is the number of linearly independent eigenvectors associated to A.

Theorem 2.7.2. Given a matrix A € R™*", If its n eigenvectors X1, . . ., X, are associated
to distinct eigenvalues, then x1,...,x, are linearly independent (i.e. they form a basis of

R™).

Defective matrix A matrix A € R"*" is defective if it has less than n linearly indepen-
dent eigenvectors.

Theorem 2.7.3 (Spectral theorem). Given a symmetric matrix A € R™*". Its eigenvec-
tors form an orthonormal basis and its eigenvalues are all in R.

2.7.1 Diagonalizability
A matrix A € R™*"™ is diagonalizable if it is similar to a diagonal matrix D € R™*™:

IP € R™" s.t. P invertible and D = P"'AP

Theorem 2.7.4. Similar matrices have the same eigenvalues.

Theorem 2.7.5. A symmetric matrix A € R™*" is always diagonalizable.
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3 Linear systems

A linear system:
a1,121 + a1 2x2 + -+ a1 Ty = by

a2171 + 2272 + -+ + a2, Ty = by

am 121 + Qm2T2 + -+ A pTn = b

can be represented as:

Ax=Db
where:
a1 a2 ... Qip T b1
A= |0 B2 B g [P e b b_2 cR™
Am,1  Gmp2 an.w m'n b;n
3.1 Square linear systems
A square linear system Ax = b with A € R™™ and x,b € R" has a unique solution iff ~Square linear system

one of the following conditions is satisfied:
1. A is non-singular (invertible)
2. rank(A) = n (full rank)

3. Ax only admits the solution x = 0

The solution can be algebraically determined as Algebraic solution to
linear systems

Ax=b «<— x=A"'b

However, this approach requires to compute the inverse of a matrix, which has a time
complexity of O(n?). Therefore, numerical methods are usually more suited. The two
main families of methods are:

e Direct methods.

e Iterative methods.

3.2 Direct methods

Direct methods compute the solution of a linear system in a finite number of steps. Com-  Direct methods
pared to iterative methods, they are more precise but more expensive.
The most common approach consists in factorizing the matrix A.

11



3.2.1 Gaussian factorization

Given a square linear system Ax = b, the matrix A € R™*"™ is factorized into A = LU
such that:

e L € R"™" is a lower triangular matrix.

e U € R™" is an upper triangular matrix.
The system can be decomposed into:

Ax=b «— LUx=b
Ly=Db

<~ Y
{y:UX

To find the solution, it is sufficient to solve in order:
1. Ly = b (solved w.r.t. y)

2. y = Ux (solved w.r.t. x)

3

The overall complexity is O(%g) +2-0(n?) =0(%).
O(%s) is the time complexity of the LU factorization. O(n?) is the complexity to directly
solve a system with a triangular matrix (forward or backward substitutions).

3.2.2 Gaussian factorization with pivoting

During the computation of A = LU (using Gaussian elimination!), a division by 0 may
occur. A method to prevent this problem (and to lower the algorithmic error (i.e. over-
flows)) is to change the order of the rows of A before decomposing it. This is achieved by
using a permutation matrix P, which is obtained as a permutation of the identity matrix.
The permuted system becomes PAx = Pb and the factorization is obtained as PA =
LU. The system can be decomposed into:

PAx=Pb < LUx=Pb

Ly = Pb
y=Ux

An alternative formulation (which is what SciPy uses) is defined as:
A=PLU < P"A=LU
It must be noted that P is orthogonal, so PT = P~!. The solution to the system
(PT Ax = PTb) can be found as above.
3.2.3 Cholesky factorization
Given a symmetric positive definite matrix A € R™*". It is possible to decompose A as:
A=LL"

where L is lower triangular.

A square system where A is symmetric definite positive can be solved as above using the
3

Cholesky factorization. This method has time complexity O(%).

"https://en.wikipedia.org/wiki/LU_decomposition#Using_Gaussian_elimination

12
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3.3 Iterative methods

Iterative methods solve a linear system by computing a sequence that converges to the
exact solution. Compared to direct methods, they are less precise but computationally
faster and more suited for large systems.

The overall idea is to build a sequence of vectors x; that converges to the exact solution
x*:

lim x; = x*
k—o0

Generally, the first vector x is given (or guessed). Subsequent vectors are computed w.r.t.
the previous iteration as xj = g(Xg_1)-
The two most common families of iterative methods are:

Stationary methods compute the sequence as:
X, = Bxp,_1+d

where B is called iteration matrix and d is computed from the b vector of the
system. The time complexity per iteration is O(n?).

Gradient-like methods have the form:

Xk = Xj—1 T Ok—1Pg—1

where aj_; € R and the vector p,_; is called direction.

3.3.1 Stopping criteria

One or more stopping criteria are needed to determine when to truncate the sequence (as
it is theoretically infinite). The most common approaches are:

Residual based The algorithm is terminated when the current solution is close enough
to the exact solution. The residual at iteration k is computed as rp, = b — Axy.
Given a tolerance ¢, the algorithm may stop when:

e |Irx|| < e (absolute)

. |h‘;§|‘|‘ < ¢ (relative)

Update based The algorithm is terminated when the difference between iterations is
very small. Given a tolerance 7, the algorithm stops when:

%k — xp—1|| < 7

Obviously, as the sequence is truncated, a truncation error is introduced when using
iterative methods.

3.4 Condition number

Inherent error causes inaccuracies during the resolution of a system. This problem is
independent of the algorithm and is estimated using exact arithmetic.

Given a system Ax = b, we perturbate A and/or b and study the inherited error. For
instance, if we perturbate b, we obtain the following system:

A% = (b+ Ab)

13

[terative methods

Stationary methods

Gradient-like
methods
Stopping criteria



After finding x, we can compute the inherent error as Ax = x — x.
By comparing H % H and H % , we can compute the error introduced by the perturbation.
It can be shown that the distance is:

Ax
X

_ Ab
<jlal-1a- |52

Finally, we can define the condition number of a matrix A as:
K(A)=|lA]- A7}

A system is ill-conditioned if K (A) is large (i.e. a small perturbation of the input causes
a large change in the output). Otherwise, it is well-conditioned.

3.5 Linear least squares problem

A system Ax = b with A € R™*™ m > n does not generally have a solution. Therefore,
instead of finding the exact solution, it is possible to search for a x such that:

AXx—b=~0

In other words, we aim to find a % that is close enough to solve the system. This problem
is usually formulated as:
% = arg min || Ax — b||3
xeRm?

It always admits a solution and, depending on rank(A), there are two possible cases:

rank(A) = n The solution is unique for each b € R™. It is found by solving the normal
equation:
ATAx = A"b

AT A is symmetric definite positive and the system can be solved using the Cholesky
factorization.

rank(A) < n The system admits infinite solutions. Of all the solutions S, we are inter-
ested in the one with minimum norm:

*x .
x* = argmin [x[2

14
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4 Matrix decomposition

4.1 Eigendecomposition

Given a matrix A € R"*™. If the eigenvectors of A form a basis of R”, then A € R"*™  Eigendecomposition
can be decomposed into:
A=PDP!

where P € R™ " contains the eigenvectors of A as its columns and D is a diagonal matrix
whose diagonal contains the eigenvalues of A.
Note that a symmetric matrix can always be decomposed (Theorem 2.7.3)

4.2 Singular value decomposition

Given a matrix A € R™*" of rank r € [0, min{m, n}|. The singular value decomposition Singular value

(SVD) of A is always possible and has form: decomposition
A=UzV"
g1 0 0 ( Vi )
= u ce Uy, 0o . 0 .
0 0 Omin{m,n} ( Vn )
where:

e U € R™*™ is an orthogonal matrix whose columns u; are called left-singular vectors.
e V € R™" is an orthogonal matrix whose columns v; are called right-singular vectors.

e 3 € R™™ is a matrix with 3;; = 0 (i.e. diagonal if it was a square matrix)
and the singular values o0;,i = 1...min{m,n} on the diagonal. By convention
o1 > 09 > --- > 0, > 0. Note that singular values o; = 0 for (r+1) < j < min{m,n}
(i.e. singular values at indexes after rank(A) are always 0).

We can also represent SVD as a singular value equation, which resembles the eigenvalue = Singular value
equation: equation
Av;,=ou; fori=1,...,r

This is derived from:

A=UXVT «—= AV =UZVTV — AV =UX

4.2.1 Singular values and eigenvalues

Given A € R™*™ we can obtain the eigenvalues and eigenvectors of AT A and AAT Eigendecomposition
through SVD. of ATA and AA”
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For AT A, we can compute:
ATA = (UzvHT(UxVT) using (AB)T = BT AT
= (vxiuh)(uxzv?)
=veizv?
=vv?
As V is orthogonal (VT = V1), we can apply the eigendecomposition theorem:

e The diagonal of X2 (i.e. the square of the singular values of A) are the eigenvalues
of AT A.

e The columns of V (right-singular vectors) are the eigenvectors of AT A.

The same process holds for AAT. In this case, the columns of U (left-singular vectors)
are the eigenvectors.

4.2.2 Singular values and 2-norm

Given a symmetric matrix A € R"*", we have that ATA = A? = AAT (as AT = A).

The eigenvalues of A% are \?2,...,\2, where )\; are eigenvalues of A. Alternatively, the
eigenvalues of A% are the squared singular values of A: \? = o2. Moreover, the eigenvalues
—1 1 1
of A are 37, ... 5o ,
We can compute the 2-norm as: 2-norm using SVD

|All2 = \/p(ATA) = /p(A2) = \/max{o?,...,02} = o)

_ 1 1 1
JA7 2 = \/p((A )T (A1) = \/p((AAT) 1) = V/p((A%)T) = \/mx{ L 2} ==
Furthermore, we can compute the condition number of A as:

~ 1
K(A)=|A2-[|A 2 =01- .

T

4.2.3 Application: Matrix approximation

Given a matrix A € R™*" and its SVD decomposition A = USXVT, we can construct a
rank-1 matrix (dyad) A; € R™*" as: Dyad
Az‘ = uivT

(2

where u; € R™ is the i-th column of U and v; € R™ is the i-th column of V. Then, we
can compose A as a sum of dyads:

T T
Ai = E O‘iuinT = E O‘z‘Ai
i=1 =1

By considering only the first & < r singular values, we can obtain a rank-k approximation Rank-k
of A: approximation

k k
A(k) = ZUiuinT = ZUiAi
i=1 i=1

16



Theorem 4.2.1 (Eckart-Young). Given A € R™*™ of rank r. For any k < r (this theorem
is interesting for k < r), the rank-k approximation is:

A(k) = i A-B
(k) argBeRmxgrla{}lk(B):k | I

In other words, among all the possible projections, A(k) is the closest one to A. Moreover,
the error of the rank-k£ approximation is:

T

Z 0;A;

i=k+1

= 0Ok+1
2

r k
A=~ ARl = |>oidi = D 0;4) =
i=1 j=1 )
Image compression

Each dyad requires 1 + m + n (respectively for o;, u; and v;) numbers to be stored. A
rank-k approximation requires to store k(1+m+n) numbers. Therefore, the compression
factor is given by: Compression factor

(a) Original image A. (b) Rank-1 approximation A(1).(c) Rank-2 approximation A(2).

(d) Rank-3 approximation 2(3).(e) Rank-4 approximation 2(4).(f) Rank-5 approximation 2(5)4

Figure 4.1: Approximation of an image

4.2.4 Application: Linear least squares problem

Given a least squares problem:

% = arg min || Ax — bl;

When rank(A) < n, the system admits infinite solutions. Of all the solutions S, we are
interested in the one with minimum norm:

. .
x* = argmin x|z

This problem can be solved using SVD:

rank(A)

x* = Z

i=1

u’'b

o

Vi

17



4.2.5 Application: Polynomial interpolation

Given a set of m data (z;,y;),i = 1,...,m, we want to find a polynomial of degree n
(m > n) that approximates it. In other words, we want to find a function:

f(z) =co+ a1z + cx® + - + cpa™

that minimizes the residual vector r = (ry,...,7), where r; = |y; — f(x;)]. We can
formulate this as a linear system:

r=y— Ac=

Y1 1 oz 22 ... a2y co
1 2 n
Ym Tm Ty, .. Tpy Cn

that can be solved as a linear least squares problem:

min [ly — Acllz

15
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Figure 4.2: Interpolation using a polynomial of degree 1

4.3 Eigendecomposition vs SVD

Eigendecomposition SVD

A=PDP!

A=UXV

Only defined for square matrices A €

R™ "™ with eigenvectors that form a | Always exists

basis of R™

P is not necessarily orthogonal U and V are orthogonal

The elements on the diagonal of D | The elements on the diagonal of X

may be in C

are all non-negative reals

For symmetric matrices, eigendecomposition and SVD are the same

18
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5 Vector calculus

5.1 Gradient of real-valued multivariate functions

Gradient Given a function f : R” — R, the gradient is a row vector containing the partial
derivatives of f:

_ ([ 0f(x of(x of(x 1xn
Vi) = (Y@ o Y6 e gl

Hessian Given a function f : R™ — R, the Hessian matrix H € R™*"™ contains the second
derivatives of f:

of of of
0x3 Ox10xs '  Ox10xn
of of
H = | 9%20m Ox?
of of
w0, Tt a2

In other words, H; ; = %. Moreover, H is symmetric.
g J

5.1.1 Partial differentiation rules
Product rule Let f,g: R” — R:

2 (1x)00x) = g0+ 5052

Sum rule Let f,g: R" —» R:

0 of | 9y
afx(f(x) +9(x)) = Ix + Ix

Chain rule Let f: R™ — R and g a vector of n functions g; : R — R:

0 0 of 0g
o o8 = 5 (F(g00) = 55

For instance, consider a f : R? — R of two variables g1(t),g2(t) : R — R that are
functions of t. The gradient of f with respect to ¢ is:

ccin: (2 o) (j%) _0f 991 Of 99
t g1 g2 St 0g1 Ot dgs Ot

In other words, the first matrix represents the gradient of f w.r.t. its variables and
the second matrix contains in the i-th row the gradient of g;.

Therefore, if g; are in turn multivariate functions gy (s, t), g2(s, ) : R? — R, the chain
rule can be applied as follows:

dg1 9
df :<5Lf ﬁ) oo
d(s, 1) Jg1 g2 ) \ 99z 992

ds ot
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Example. Let f(z1,22) = 2% + 222, where z1 = sin(t) and x5 = cos(t).
df _ of 0z | Of Oz
dt Oz 8t = Omy Ot
= (2z1)(cos(t)) + (2)(—sin(t))
= 2sin(t) cos(t) — 2sin(t)

Example. Let h: R — R be defined as h(t) = (f o g)(t) = f(g(t)) where:

f:R* = R is defined as f(g1,g2) = exp(g195)

R _ (o) _ (teostt)
g : R — R* is defined as g(t) = <92> = (tsin(t))

The gradient of A with respect to ¢ can be computed as:

%:ﬁig:<ﬂ ﬁ) Y
at  og ot \9n 992 \ g

ot

cos(t) + (—t sin(t)))
sin(t) + t cos(t)

Q

= (exp(9193)95 2exp(9193)9192) (

Example (Gradient of a least squares loss). Given a linear model defined on 0: Least squares loss
gradient

y = $0

with ® € RP, & € RV*P and y € RY. We can define the least squares loss function
as:
L(e) = |lell3

e(0)=y— 0
It must be noted that: N
Lie) = |le| =eTe=> e}
i=1

To compute the gradient of L with respect to ©, we can use the chain rule:

_0LO%e _ o 1y _
= e ~ (22

=2y’ —eT®dh)®
=20y’® - 0T®T®)

VL(0)

Note that if we enforce VL(0) = 0, we obtain the normal equation of Section 4.2.4:

VL=0 <— 2(y'®-07®"®)=0
— y'®-0T®dT® =0
— &'y —dT®0 =0
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5.2 Gradient of vector-valued multivariate functions

Vector-valued function Function f : R” — R™ with n > 1 and m > 1. Given x € R",
the output can be represented as:

f1(x)
f(x) = : e R™
fm (%)
where f; : R™ — R.
Jacobian Given f : R® — R™, the Jacobian matrix J € R™*™ contains the first-order Jacobian matrix
derivatives of f:
0f1(x) 0f1(x)
oz te OTn
_ _ [ 0f(x) of (x o . . .
J=Vie) = (U )|
afm(x) afm(X)
Ox1 te Oxn

In other words, J; ; = gf L. Note that the Jacobian matrix is a generalization of the

gradient in the real-valued case.

5.3 Backpropagation

Backpropagation is used to tune the parameters of a neural network. A neural network Backpropagation
can be seen as a composition of many functions:

y = (fKOfK—l o...ofl)(x) = fK(fK—l("'fl(X)"‘))
Each f; takes as input the output of the previous layer x;_1 and has the form:
fi(xi—1) = 0i(Ai1x—1 + bi_1)

where o; is an activation function! (a function to add nonmlinearity), while A; 1 (linear
mapping) and b;_; (biases) are the parameters of f;.

A, bo Abi Ak o, bi Ag-1,bk1

Figure 5.1: Forward pass

We can more compactly denote a neural network with input x and K layers as:

fo =
fi=0i(Aiafii+bi)i=1,....K
Given the ground truth y, we want to find the parameters A; and b; that minimize the

squared loss:
L(8) = [ly — fx(8,%)|?

"https://en.wikipedia.org/wiki/Activation_function
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where ® = {Ag,bg,...,Ax_1,bx_1} are the parameters of each layer. This can be
done by using the chain rule to compute the partial derivatives of L with respect to the
parameters 0; = {A;,b,}:

New
——N—
oL 0L ofk
00k 1 Ofx 00K 1
Known New
AN ——N—
oL oL Ofg Ofg_4

00K _9 N Of g Of k1 00K _o

Known New

oL OL 0fg Ofg_1 Of_o

00y 3 Of Ofc_1 Of 200K 3

Known Niw
oL 0L 0fx  Ofi50fin
89,- - 8fK afK_l o 8fi+1 ({“)91

Ao, by Anby Ak o, bi Ag-1,br

Figure 5.2: Backward pass

5.4 Automatic differentiation

Starting from the example below first is recommended.

Automatic differentiation allows to numerically compute the gradient of complex functions
using elementary functions, intermediate variables and the chain rule through a computa-
tion graph. When the gradient has many components, it also allows to compute it more
efficiently.

Let f be a function, x1,...,z4 the input variables of f, x411,...,2p—1 the intermediate
variables and xp the output variable. The computation graph can be expressed as:

Vie{d+1,...,D}: 2 = gi(Tpa(a,))

where g; are elementary functions and p,(,,) are the parent nodes of z; in the graph.
In other words, each intermediate variable is expressed as an elementary function of its
preceding nodes. The derivatives of f can then be computed step-by-step going backward
as:

ﬁ =1, as by definition f = zp
ox D
of of Oxc _ 9f 9.
ox; Z Ore Ox; Z 0x. 0x;
Vaeo:z;€Palxe) Vae:z;€Palxe)
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where Pa(z.) is the set of parent nodes of z. in the graph. In other words, to compute
the partial derivative of f w.r.t. x;, we apply the chain rule by computing the partial
derivative of f w.r.t. the variables following z; in the graph (as the computation goes
backward).

Automatic differentiation is applicable to all functions that can be expressed as a compu-
tational graph and when the elementary functions are differentiable. Note that backprop-
agation is a special case of automatic differentiation.

Example. Given the function:
f(x) = /22 + exp(22) + cos(x? + exp(z?))

and the elementary functions {(-)2,exp(-), +, v/, cos(-)}, f can be decomposed in the fol-
lowing intermediate variables:

2

a=ux
b = exp(a) e = cos(c)
c=a-+b f=d+e

d= e

Which corresponds to the following computation graph:

We can then compute the derivatives of the intermediate variables w.r.t. their inputs (i.e.
inbound edges):

da od _ 1

or 2z dc  24/c

b

90 exp(a) % = —sin(c)

dc of

- = ]. —_— =

da od !

oc of

- = 1 _—=

0b Oe !

Finally, we can compute % by going backward from the output (f) to the input (x):

O _ o (previons sep) o _oroc
5 = fmown (previous step 55— Be Db
%—kno n (previous step) g—g@—i—g%
De — OWAPTEY P da ~ 0bda | Ocda
of _ofod  0f0oe of _ 0f oa
dc  9ddc = Oe dc Or  Oadx

In other words, to compute the partial derivative of f w.r.t. a variable z;, all variables w;
that follows z; in the graph are considered.
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Now, by substituting we obtain:

0 1
aﬁzl'm“”‘sm(c))
of _9f

ob  Oc

0 0 0
a‘(7;:a—{-exp(a)+8*ch'1
af—a—f-Qx

oxr  Oa
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6 Gradient methods

6.1 Minimum of a function

Let f: RN — R be continuous and differentiable in RV,

Stationary point x* is a stationary point of f iff:
Vf(x*)=0
Local minimum x* € RY is a local minimum of f iff:
JeeRst. f(x) < f(x)VxeRY : |x —x*|| < e
Strict local minimum x* € RY is a strict local minimum of f iff:
Je e Rst. f(x*) < f(x) Vx e RY : [x —x*|| < ¢
Global minimum x* € R" is a global minimum of f iff:
f(x) < f(x) ¥x e RY
Strict global minimum x* € RV is a strict global minimum of f iff:
f(x*) < f(x) vx € RY

Note that max{f(x)} = min{—f(x) }.

6.1.1 Optimality conditions

First-order condition Let f : RY — R be continuous and differentiable in RY.

If x* local minimum of f = Vf(x*) =0

Second-order condition Let f : RY — R be continuous and twice differentiable.

If Vf(x*) = 0 and V?f(x*) positive definite = x* strict local minimum of f

As the second-order condition requires computing the Hessian matrix, which is expensive,

in practice only the first-order condition is checked.

6.2 Descent methods

Descent methods are iterative methods that have the property:

f(xe) < f(xk-1)
The iteration is defined as:
Xk = Xp—1 + Qg—1Pg—1
where p;,_; € RY is the search direction and ay_; € R is the step length.
Note: descent methods usually converge to a local minimum.
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Figure 6.1: Descent method steps in R? (i.e. moving across contour lines)

6.2.1 Choice of the search direction

Descent direction p € RY is a descent direction of f in x if:
Ja > 0,Va € [0,a] : f(x+ ap) < f(x)
Theorem 6.2.1. Let p € RY, p # 0.

If p' Vf(x) < 0= p descent direction of f in x

Theorem 6.2.2. For all x, p = —V f(x) is a descent direction of f in x.

Proof.
P'Vf(x) <0 = —(Vf(x))'Vf(x) <0
= —|Vix)3 <0
This holds as the norm is always positive. O

Gradient-like methods Gradient-like methods are descent methods that use —V f as step.

6.2.2 Choice of the step length

Constant In machine learning, it is common to set a constant value for the step (learning
rate), but it can be proved that this does not guarantee convergence.

Backtracking procedure «;, is chosen such that it respects the Wolfe condition!:

def backtracking(7r, ci1):

ar = 1 # Initial guess
while f(zr+arVf(xk)) > f(xk) + claka(xk)TVf(xk):
o = O / T

return g

It can be proved that, by using the backtracking procedure, gradient methods con-
verge to a local minimum.

"https://en.wikipedia.org/wiki/Wolfe_conditions
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6.2.3 Stopping condition

We can stop iterating when x;, ~ x*, that is, when Vf(x;) ~ 0. We can verify this by
checking the norm of the gradient against a tolerance 7:

Absolute condition ||V f(z)|le <7

IV f(z)ll2
IV f(zo)ll2

A generic gradient-like method can then be defined as:

Relative condition <T

def gradientMethod (f, xo):

k=0
while stoppingCondition(f, Xy, Xo):
pr = =V f(xx)
ar = backtracking(...)
Xk+1 = Xk + QrPy
E=Fk+ 1

return xg

6.2.4 Problems

Choice of the initialization point The starting point of an iterative method is a user-
defined parameter. For simple problems, it is usually chosen randomly in [—1, +1].

For complex problems, the choice of the initialization point is critical as it may cause
numerical instabilities or bad results. Heuristics can be used to select an adequate
starting point.

Flat regions and local optima Flat regions slow down the learning speed, while a local
optima causes the method to converge at a poor solution.

Local minimum Global minimum

FLAT REGION

OBJECTIVE FUNCTION
OBJECTIVE FUNCTION

MINIMUM
-2 GLOBAL 1
MINIMUM 2

0 0.5 1 1.5 2 25 3 3.5 4 -8 -6 -4 -2 0 2 4 6 8
OPTIMIZATION VARIABLE OPTIMIZATION VARIABLE

Figure 6.2: Flat regions and local minima

Differential curvature Different magnitudes of the partial derivatives may cause the prob-
lem of vanishing and exploding gradient. This causes the learning process to require
more iterations to adjust the direction.

In practice, as the gradient of complex functions is only an instantaneous direction
of best decrease and does not represent the direction to the minimum in the long
term, many updates are required for a gradient method to converge.

A method to mitigate this issue is to use feature normalization techniques.
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Non-differentiable objective function If the objective function has a small number of
non-differentiable points, the gradient descent method can be applied with minor
modifications.

If lots of points are non-differentiable, the gradients will not be informative enough
to determine a decrease direction.

Difficult topologies A cliff in the objective function causes problems when evaluating the  Cliff
gradient at the edge. With a small step size, there is a slowdown in convergence.

With a large step size, there is an overshoot that may cause the algorithm to diverge.

A valley in the objective function causes a gradient method to bounce between the Valley

sides to a point where no significant progress can be made.

\

(a) Cliff region (b) Ping pong tournament in a valley

6.3 Convex functions

Convex set Informally, a set is convex if, for any two points of the set, the points laying Convex set
on the segment connecting them are also part of the set.

(a) Convex set (b) Non-convex set

Convex function Let 2 C R™ be a convex set and f : Q — R. f is convex if: Convex function

Vxi,x2 € Q,Vt € [0,1] : f(tx1 + (1 —t)xa) < tf(x1) + (1 —t) f(x2)

In other words, the segment connecting two points of the function lays above the
graph.

tf (@) + (1 =1)f (w2)

Jtzy+ (1= )

T tag+ (1=t 72

Figure 6.5: Convex function
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Strictly convex function Let 2 C R™ be a convex set and f : Q — R. f is strictly convex
if:
Vxi,x2 € 0,V € [0, 1] ¢ ftxq + (1 — t)x2) <tf(x1) + (1 —1)f(x2)

6.3.1 Properties
e if f convex = any local minimum of f is also global
e if f strictly convex = the global minimum of f is unique

e if f convex and differentiable = any stationary point of f is a global minimum

6.3.2 Quadratic functions

A quadratic function has form:

f(x) = %XTAX —x'b+c

where A € R™™™ b € R" and c € R.

Theorem 6.3.1. If f is a quadratic form with A € R™*" symmetric positive semidefinite,
then f is convex.

Theorem 6.3.2. If f is a quadratic form with A € R™ ™ symmetric positive definite,
then f is strictly convex.

Theorem 6.3.3. The least squares problem ||Ax — b||3 is a quadratic function.
Proof.
(Ax —b)T(Ax —b) = (xT AT —bT)(Ax —b)

=xTATAx —bTAx —xTATb +b’Db

As bT Ax = xT ATb, we have:
xT'ATAx — 2xT"ATb + b™b

Let B=ATA, q= ATb and ¢ = bb, we have the quadratic form:

x!'Bx — 2XTq +c

B is symmetric positive semidefinite (i.e. ||[Ax — b||3 is convex). Moreover, when A is
full-rank, B is symmetric positive definite (i.e. strictly convex). O

6.4 Gradient descent with momentum

The momentum is an additional term to keep track of previous iterations:
Axp = Xp — X1 = YAXp 1 — ap_1V f(Xp-1)

where v € [0,1]. An iteration is therefore defined as:

Xp = Xp—1 — 1V f(Xp—1) + YAX
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6.5 Stochastic gradient descent (SGD)

SGD is a stochastic approximation of gradient descent that uses an approximation of the
gradient. Given N data points, the loss can be defined as the sum of the individual losses:

N
L(x) =Y Ln(x)
n=1

where x is the vector of parameters. The corresponding gradient can be computed as:
N
VL(x) =Y VIn(x)
n=1

SGD reduces the amount of computation by approximating the gradient with a subset
(mini-batch) B of VLy:

VL(x) =) VLi(x)

i€EB
Theorem 6.5.1. Under some assumptions and with an appropriate decrease in learning
rate, SGD is guaranteed to converge to a local minimum.

Different sizes of the mini-batch result in different behavior:
Large mini-batches accurate estimates of the gradient.

Small mini-batches faster computation.
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7 Probability and statistics

Probability Model of a process where the underlying uncertainty is captured by random
variables.

Statistics Determines the underlying process that explains an observation.

7.1 Probability

State space Set (2 of all the possible results of an experiment.
Example. A coin is tossed two times. Q = {(T,T), (T,H),(H,T), (H,H)}

Event Set of possible results (i.e. A is an event if A C Q)

Probability Let £ be the set of all the possible events (i.e. power set of 2). The probability
of an event is a function:

P(A): € —[0,1]

Example. Let €2 be as above. Given an event A = {(T,H), (H, T)}, its probability
iss P(A)=2=1

Conditional probability Probability of an event B, knowing that another event A hap-
pened:
P(ANB)

P(BIA) = =55

, with P (A) #0

Example. A coin is tossed three times. Given the events A = {tails two times} and
B = {one heads and one tails} We have that:

Q= {(T7T7T)7 (Ta T7H)v (TaHa T)(Tv H’H)a (Ha T7T)7 (HvTa H)(H H T) (H )}

P(A)=§=3 P(B)=§=1 P(ANB) =
P(AIB) =33 =1 P(BlA) =5 =4

Independent events Two events A and B are independent if:
P(ANB)=P(A)P(B)

It follows that:

P (A[B) =P (4) P (B|A) =P (B)
In general, given n events Ay, ..., A,, they are independent if:
P(An--nA,) =]]PA)
i=1
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7.2 Random variables

Random variable (RV) A random variable X is a function: Random variable
X: Q>R
Target space/Support Given a random variable X, the target space (or support) 7x of Target space

X is the set of all its possible values:

Tx ={z |z =Xw),Vw € Q}

7.2.1 Discrete random variables

Discrete random variable A random variable X is discrete if its target space Tx is finite ~Discrete random
or countably infinite. variable

Example. A coin is tossed twice.

Given the random variable X (w) = {number of heads}. We have that Tx = {0, 1,2},
therefore X is discrete.

Example. Roll a die until 6 comes out.
Given the random variable Y (w) = {number of rolls before 6}. We have that Ty =
{1,2,...} = N~ {0}, therefore Y is discrete as Ty is a countable set.

Probability mass function (PMF) Given a discrete random variable X, its probability = Probability mass
mass function is a function px : Tx — [0, 1] such that: function (PMF)

px(z) =P (X =x),Vx € Tx

A PMF has the following properties:
1. px(z) > 0,Vx € Tx
2 Y per px(@) =1
3. Let ACQ, P(X=2€A)=> arx(x)
We denote with X ~ px a random variable X with PMF px.

Example. Let Q@ = {(T,T),(T,H), (H,T),(H,H)}. Given a random variable X =
{number of heads} with Tx = {0,1,2}. Its PMF is:

1
px =P(X=0)= 1
2
px=P(X=1)= 1
1
px=PX=2)=
7.2.2 Continuous random variables
Continuous random variable A random variable X is continuous if its target space Tx is ~ Continuous random
uncountably infinite (i.e. a subset of R). Usually, Tx is an interval or a union of ‘@bl

intervals.

Example. Given a random variable Z = {Time before the arrival of a client}. Z is
continuous as Tz = [a,b] C [0, +o0o[ is an uncountable set.
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Probability density function (PDF) Given a continuous random variable X, its probabil-
ity density function is a function px : Tx — R such that:

P(X € A) :/Apx(:n)dm

b
P(aﬁXﬁb):/ px(z)dz

a
Note that P(X =a) =P (a < X <a)= [px(z)dz =0
A PDF has the following properties:
1. px(z) >0,V € Tx
2. [per, Px(z)dz =1
3. P(X€A) = [,px(z)dx
We denote with X ~ px a random variable X with PDF px.

7.3 Discrete joint distribution

Univariate distribution Distribution with one random variable.
Multivariate distribution Distribution with multiple random variables.

Joint probability Let X and Y be random variables respectively with target space 7Tx and
Ty . The joint probability of X and Y has target space Txy = Tx X Ty and its PMF
is:

pxy(zi,yj) =P (X =2;NY =y;)

px(z) and py (y) are the marginal probabilities.

Example. Let X and Y be random variables respectively with five and three pos-
sible states.

Ci
Y1
Y Y Tij }7”]
Y3

ry T2 X3 T4 Ty

We denote with:
e N the number of events.
e n;; the number of events with state X = z; and Y =y; (i.e. pxy(z,y) = nij).
® ¢ = 22:1 n;; the sum of the i-th column.
o ;= Z?:l n;j the sum of the j-th row.

The marginal probabilities are:

px(z) =P (X =) = py(y) =P =y;) =

=1

G
N
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The conditional probabilities can be computed as:

pxy (Ti, yi) nij /N

pxy(®i,yi)  nij/N
( ¥ =y) py (¥)) ri/N

7.4 Rules of probability
7.4.1 Sum rule

Given X and Y random variables. The sum rule states that:

px(x) = ZyeTy pxy(x,y) if y discrete
: ny pxy(x,y)dy if y continuous

The sum rule relates the joint distribution and the marginal distribution. In fact, the sum
rule can be applied to any subset of the random variables of a joint distribution. Given

T = (xl, . ,:UD)T, the marginal w.r.t. x; can be obtained by integrating/summing out

all random variables except x;:
p(x;) = /p(xl,...,xp)d:c\i

7.4.2 Product rule

p(x,y) = p(ylz)p(z) = p(x|y)p(y)

7.5 Bayes’ theorem
Theorem 7.5.1. Given two random variables X and Y:

likelihood prior

posterior ,—/H),-/\
—
p(ylz) p(x)
Plaly) — 222l
p(y)
—~—
evidence

where:
Prior is the prior knowledge of the unobserved data «.

Likelihood describes the relation between @ and y.

Posterior represents the quantity of interest (i.e. knowledge on x after observing vy).

Evidence/Marginal likelihood normalizes the posterior. It is defined independently

from x (i.e. is constant) as:

p(y) = / p(yle)p(x) de
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Proof. This is a direct consequence of the product rule:

p(x|y)p(y) = p(yle)p(x) < p(xly)ply) = W

O]

Note: sometimes, instead of the full posterior, the maximum is considered (with loss of
information):

max p(z|y) = max
x €T

pylo)p(z) _ o
o) explyle)p()

(
~—~

constant

7.6 Statistics

Statistic A statistic of a random variable is a deterministic function defined on it.

7.6.1 Mean

Expected value (univariate) Given a function g of a random variable X ~ p(x), its ex-
pected value is:

Ex[g(x)] ZwGTX g(x)p(z) if X is discrete
€T =
X J7. 9(@)p(z)dx  if X is continuous

Expected value (multivariate) A multivariate random variable X can be seen as a vector

of univariate random variables (X17 e, X D)T. Its expected value can be computed
element-wise as:
Ex, [g(z1)]
Exlg(z)] = : eR”
Ex,[9(zp)]

Mean Given a random variable X ~ p(x), the mean of X is its expected value with g
defined as the identity:

Ex[e] ZmeTX x-p(z) if X is discrete
€Tr =
* fTX x-p(x)dr if X is continuous

7.6.2 Variance

Covariance (univariate) Given two univariate random variables X and Y, their covariance
is:
Covxylz,y] = Exy[(z — Ex[z])(y — Ey[y])]
Lemma 7.6.1. Covxy|[z,y] = Exy[z,y] — Ex[z]|Ey[y]
Variance (univariate) The variance of a univariate random variable is given by:

Vx|z] = Covx|z, z]

Its square root is the standard deviation o(x).
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Covariance (multivariate) Given two multivariate random variables X and Y with states
x € RP and y € R¥, their covariance is:

Covxy|z,y] = Covxyly, z]" = Exy[zy’] — Ex[z|Ey[y]’ € RP*E

Variance (multivariate) Given a multivariate random variable X with states = € R” and
mean vector pu € RP. Tts variance is given by:

Vx[z] = Covx[z, x]

= Ex[za’] — Ex[z]Ex[z]”

Cov([zy,z1] Cov[z1,z2] --- Cov]zy,zp]
_ Cov[:tj"g, x1] Cov[aj"g, x9) . Cov[$'2, xp) < RDXD
Cov[zp,z1] Cov[zp,z2] --- Covizp,zp]

This matrix is called covariance matrix and is symmetric positive semidefinite.
Correlation Given two random variables X and Y, their correlation is:

Covlz,y|

€ [-1,1]
V[z]V[y]

corrz,y] =

e When corr[z,y] — +1, z and y are expected to grow together.
e When corr[z,y] — —1, = grows when y decreases and vice versa.

e When corr[z,y] — 0, z and y are not correlated.

7.6.3 Empirical mean and variance

In practice, it is not always possible to compute statistics on the real population. Empirical
observations can be made on a (finite) subset of the real population sampled as a finite
number of identical random variables X1,..., Xn.

Empirical mean

Empirical variance

7.7 Random variables properties
7.7.1 Manipulations
e E[xz + y| = E[x] + Ey]
o Elz —y] = E[z] - E[y]
o Viz + y| = V[z] + V]y] + Cov|z, y] + Cov[y, x]
e V[x —y| = V(x| + V[y] — Cov]z,y] — Cov|y, x]
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7.7.2 Statistical independence

Two random variables X and Y are statistically independent iff:
p(z,y) = p(z)p(y)
Theorem 7.7.1. If X and Y are statistically independent, then:

 p(zly) = p(x) and p(y|z) = p(y)
° ny[a: + y] = V_)([:L'] + Vy[y]

e Covxy[z,y] =0

7.7.3 Conditional independence

Two random variables X and Y are conditionally independent given Z iff:
p(z,y|z) = p(x|z)p(y|z) vz € Tz

7.7.4 Inner product

Given two zero mean random variables X and Y, their inner product is defined as:

(X,Y) = Covlz,y]

The covariance matrix is symmetric positive definite.
Moreover, we have that:

o X[l = (X, X) = /Covlz,z] = /V[z] = o[a]

_ (X)Y) _ Covlz,y]
* o8O = XTIV = vyl

e X1V < (X,Y)=0 < Cov[z,y] =0 <= X and Y uncorrelated

, where 6 is the angle between X and Y.

7.8 Common distributions

7.8.1 Discrete random variables

Uniform distribution Given a discrete random variable X with |Tx| = N, X has a

uniform distribution if:

1
px(z) = N,Vm € Tx

Poisson distribution Given a discrete random variable X with mean A, X has a poisson

distribution if: N

A
px(x) = e_’\g,Vx € Tx

A poisson distribution has E[z] = X\ and V]z| = \.
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7.8.2 Continuous random variables

Continuous uniform distribution Given a continuous random variable X with 7x = Continuous uniform
[a,b], X has a continuous uniform distribution if: distribution
1
px(z) = P a,Vm € Tx

Normal distribution Given a continuous random variable X and the parameters p  Normal distribution
(mean) and o (variance). X has a normal distribution if:

LAy €T
€ 2 x X
oV 2 ’

In the multivariate case, it is defined as:

px(z) =

plx) = N(@|p, ) = (27) 2 [B] zel-2(@m =7 @w) ¢ R
where p is the mean vector and X the covariance matrix.

Standard normal distribution Normal distribution with © = 0 and o = 1 (univari- S.tanflzml. normal
ate) or u = 0 and ¥ = I (multivariate). distribution

10 T I

Figure 7.1: Normal distributions and standard normal distribution

Theorem 7.8.1 (Linearity). Given X and Y independent Gaussian random vari- (_‘iﬂubsian sum and
ables with p(x) = N(x|pz, Xz) and p(y) = N(ylpy, y). It holds that: linear

transformations

plazx + by) = N(apy + bpy, a*S, + *,)
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8 Machine learning

8.1 Models

Function model The model (predictor) is a deterministic function:
f:RP SR
In this course, only linear functions are considered:
fo(x) =00+0121+ -+ 0pxp = 07x

where x = (1, Tl,... ,:UD) is the input vector and 0 = (80, ey SD) is the parameter
vector.

Probabilistic model The model is a multivariate probabilistic distribution that is able to
quantify uncertainty in noisy data.

8.2 Learning

8.2.1 Empirical risk minimization

Used for function models. The parameters of the predictor are directly obtained as an
optimization problem that aims to minimize the distance between the prediction and the
ground truth.

Let (xp,yn) be a dataset of N elements where x,, € RP are the examples and y, € R are
the labels. We want to estimate a predictor fg(x) = 07x with parameters 0 such that,
with the ideal parameters 0, it fits the data well:

Jor (Xn) ~ UYn
We denote the output of the estimator as g, = fo(x5).

Loss function A loss function #(y,, 9,) indicates how a predictor fits the data.

An assumption commonly made in machine learning is that the dataset (x,,yy) is
independent and identically distributed. Therefore, the empirical mean is a good
estimate of the population mean.

Empirical risk Given the example matrix X = (Xl, . ,XN) € RV*P and the label vector
y = (yl, . ,yN) € RY. The empirical risk is given by the average loss:

N
1 N
Remp(fea va) = N Zg(y’ruyn)

n=1
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Least-squares loss The least-squares loss is defined as: Least-squares loss
) N R
(ynvyn) = (yn yn)

Therefore, the minimization task is:

N

Z 1 1
2 . 2 : T 2 . 2
1 i = —_— —_— e = —_— — X 9
eelR% N el = folxn)) ergﬁ%% N n:1(yn xn) ergﬁ%% N Iy |
Expected risk The expected risk is defined as: Expected risk

Rtrue(f@) = Ex,y[g(% fe (Xtest))]
where the parameters © are fixed and the samples are taken from a test set.

Overfitting A predictor fg is overfitting when Remp(f, Xtrain, Yirain) underestimates —Overfitting
Rirue(fo) (i.e. the loss on the training set is low, but on the test set is high).

Regularization Method that introduces a penalty term to the loss that helps to find a Regularization
compromise between the accuracy and the complexity of the solution:

U(Yns Gn) = L(Yn, Gn) + AR(8)

where A € RT is the regularization parameter and R is the regularizer (penalty
term).

Regularized least squares A simple regularization term for the least squares prob- Regularized least
lem is ||0]|2. The problem becomes: squares

1
in {—|ly — X0|* + \||0]?
9rgﬂg}g{Nlly |+ Allef]7}

8.2.2 Maximum likelihood estimation (MLE)

Used for probabilistic models. The parameters are determined as the most likely to predict
the correct label given an input.

Negative log-likelihood Given a random variable  and a probability density pe(x) Nesative
parametrized by 0, the negative log-likelihood of @ is: log-likelihood

»C:c(e) = —logpe (:B)

Note that:

e The minus is added as we are converting the problem of maximizing the likeli-
hood to a minimization problem.

e The logarithm is useful for numerical stability.
L(0) indicates how likely it is to observe & with © as the parameters of the predictor.

Given a dataset (xy,yn) of N independent and identically distributed (i.i.d.) ele-
ments, optimizing the likelihood allows to find the most likely parameters to repre-
sent the dataset. As the dataset is independent, we have that:

pe(y|X) = H Po (Ynl|Tn)
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where X = (a:l, . ,ar:N) and y = (yl, e ,yN). Moreover, as the dataset is identi-
cally distributed, each pg(yn|x,) of the product has the same distribution.

By applying the logarithm, we have that the negative log-likelihood of an i.i.d.

dataset is defined as: N

L£(8) == log pe(yn|zn)

n=1
and to find good parameters 0, we solve the problem:

N

min £(0) = min — lo x
min £(8) = min Z g o (Yn|Tn)

Gaussian likelihood Using a linear model 70 as predictor and assuming that the
likelihood has a Gaussian distribution as follows:

p@(yn | mn) = N(yn | mze, 02)

where the Gaussian distribution has mean 10 (i.e. fo(x,)) and variance o2
for the n-th data point.

The negative log-likelihood is:

N
£<e) - = Z log pe (yn‘wn)

n=1
= —Zlog/\f ynlzl e, 0?)
n=1
N
1 (yn - mTe)Q
=—) log ( exp <—”
nZ::l V2mo? 202
N N
(yn €T 9)2 1
Z OgexP( 902 Z 08 NGEws]
n=1 n=1
1 Y N 1
T\2
== > (—2[0)* =) log———
20 n=1 n=1 271'0'2
The minimization problem becomes:
constant
conbtant
min £(0) = min lo
0eRD (8) 0crD 202 Z Z & Vono? V2mo?
N
: T \2
= min — 0
0CRD (yn Z, )
n=1

= min |y — 60X/
Jin, lly |

which corresponds to the least squares problem.
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T

Yn

(a) When the parameters are good, the label (b) When the parameters are bad, the label
will be near the mean (i.e. predictor) will be far from the mean

Figure 8.1: Geometric interpretation of the Gaussian likelihood

8.2.3 Maximum a posteriori estimation (MAP)

Maximum a posteriori estimation uses the opposite distribution of MLE and maximizes: = Maximum a
posteriori (MAP)
max p(0|X,y) = min —p(0|X,y
max p(0]X.y) = min —p(0]X.y)

In other words, it maximizes the probability of a set of parameters © given the observation
of the dataset (X,y). By applying the Bayes’ theorem, the problem becomes:

) p(y| X, 0)p(0) .

min — Y2 hin —p(y| X, 0)p(@

961%{% p(y! ) Ge]gflf’ p(Y‘ )p()
——

constant

= min {1 X,0) —logp(0
Join {—logp(y| X, 0) —logp(0)}

Gaussian posteriori By assuming that the conditional probability of the dataset follows Gaussian posteriori
a Gaussian distribution (as in MLE), the problem becomes:

in {—1 X,0) —logp(0)} = mi —0X|%—logp(®
Join {—logp(y| X, 0) —logp(0)} = min {|ly |7 —log p(6)}

Moreover, assuming that p(6) ~ N (0,X), we have that:

1
—logp(0) = @HGHZ

Therefore, the problem becomes:

i —0X %+ \|o|?
ergﬂg,g{lly | 1617}

MAP can be seen as a regularization factor for MLE.

8.3 Linear regression

Given a dataset of inputs x, € RP with corresponding labels v, = f(x,) + €, where Linear regression
f:RP = R and e ~ N(0,0?) is a Gaussian noise, we want to estimate the function f.

Model We use as the predictor:
f(x)=x"e

Because of the noise, we use a probabilistic model with likelihood:

pe(y|x) =Nyl f(x),0%)
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Parameter estimation To estimate 0, we can use MLE:
min — X
ooRD pe(y|X)

8.3.1 Maximum likelihood estimation with features

Linear regression is linear only with respect to the parameters 0. Therefore, it is possible
to apply any transformation to the inputs of the predictor f such that:

f(xn) = (¢(Xn))Te

where ¢ : RP — RX is a transformation and © € R¥ are the parameters.
Given a dataset of N entries x,, € RP with labels y, € R and a transformation function
¢ : RP — RE the transformed features can be expressed through a feature matrix

RNXK:

(¢(x1))" do(x1) -+ Pr-1(x1)
(¢(xn))" Po(xn) -+ dr-1(xN)

The negative log-likelihood can be defined as:

1 T

ﬁ(y —®0)" (y — ®0) + constant

As @ is (usually) full-rank and convex, the problem can be solved directly using normal

equations:

—logpe(y| X) =

2790 =o'y «—= 0= (2"®) '®y
Obviously, the negative log-likelihood can also be minimized by using a gradient method.

Root mean square error (RMSE) RMSE is computed as:

i” _Po|2 = iN _ TQ)2
VY I? = NZ(yn (¢(x2))"0)

n=1

Differently from MSE, RMSE allows to compare errors of datasets with different
sizes and scales its result to the labels.

By comparing the RMSE of the train and test sets, it is possible to check if a model
is overfitting.

Polynomial regression The transformation function ¢ : R — R¥ is defined as:

bo(z) 1
¢1(x) x
pr)=| @) |[=| 2
b)) \ak
The predictor is then defined as:
fz) = (¢(x))"®
K-1 K-1
=Y dil@)d =) a'v;
i=0 i=0

<end of course>
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