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1 Camera calibration

World reference frame (WRF) Coordinate system (Xw, Yy, Zw) of the real world rela- ~ World reference
tive to a reference point (e.g. a corner). frame (WRF)

Camera reference frame (CRF) Coordinate system (X¢, Yo, Z¢) that characterizes a cam- Camera reference
era. frame (CRF)

Image reference frame (IRF) Coordinate system (U, V') of the image. They are obtained —[mage reference
as a perspective projection of CRF coordinates as: frame

f f

u="rc v="yc
z z

M¢ = [x¢, yc, ZC]T

ZWRF

Mw = [xw, yw, zw]" Wv‘ o
0

YWRF
Z(RF

YCRF

Figure 1.1: Example of WRF, CRF and IRF

1.1 Forward imaging model

1.1.1 Image pixelization (CRF to IRF)

The conversion from the camera reference frame to the image reference frame is done in  Image pixelization

two steps:

Discretization Given the sizes (in mm) Awu and Av of the pixels, it is sufficient to Discretization
modify the perspective projection to map CRF coordinates into a discrete grid:
L f 1 J

rc V= ——"YC
Auzc szcy

Origin translation To avoid negative pixels, the origin of the image has to be translated = Origin translation
from the piercing point ¢ to the top-left corner. This is done by adding an offset
(up,vo) to the projection (in the new system, ¢ = (ug,vp)):
1 f 1

= Au Cfvc+UO v = Ao Cyc+vo
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Figure 1.2: Pixelization process

Intrinsic parameters By fixing f, = ﬁ and f, = &, the projection can be rewritten Intrinsic parameters
as:

rc Yyc
u= fu— +uo v=fu=—4+ v
zC zC

Therefore, there is a total of 4 parameters: f,, f,, ug and vp.

Remark. A more general model includes a further parameter (skew) to account for
non-orthogonality between the axes of the image sensor such as:

e Misplacement of the sensor so that it is not perpendicular to the optical axis.
e Manufacturing issues.

Nevertheless, in practice skew is always 0.

1.1.2 Roto-translation (WRF to CRF)

The conversion from the world reference system to the camera reference system is done Roto-translation
through a roto-translation wrt the optical center.
Given:

e A WRF point My = (zw, yw, 2w ),
e A rotation matrix R,

e A translation vector t,

the coordinates M in CRF corresponding to My, are given by:

e} ri,1 2 3| |Tw ty
Mc = |yc| = RMw +t = |ro1 122 7123| |yw | + |t2
zZc r31 32 733| [2w t3

Remark. The coordinates Cyy of the optical center C are obtained as:
0=RCy+t < (0—t)=RCy < Cy=RI(0-t) — Cy =-RTt

Extrinsic parameters Extrinsic parameters
e The rotation matrix R has 9 elements of which 3 are independent (i.e. the
rotation angles around the axes).

e The translation matrix t has 3 elements.

Therefore, there is a total of 6 parameters.

Remark. It is not possible to combine the intrinsic camera model and the extrinsic roto-
translation to create a linear model for the forward imaging model.

r11Tw + T129w + rszw +

T21Tw + T2 2yw + 232w + L2
u + up v = f
310w + r3.2yw + r3szw + t3

v
r31Tw + r32yw + r3zzw + t3

+ vo

u =



1.2 Projective space

Remark. In the 2D Euclidean plane R?, parallel lines never intersect and points at infinity
cannot be represented.

Image plane

Vanishing point

N
N
Ground plane

. . Parallel lines

Figure 1.3: Example of point at infinity

Remark. Point at infinity is a point in space while the vanishing point is in the image
plane.

Homogeneous coordinates Without loss of generality, consider the 2D FEuclidean space Homogeneous
RQ (i()()l‘(lillélt()S

Given a coordinate (u,v) in Euclidean space, its homogeneous coordinates have an
additional dimension such that:

(u,v) = (ku, kv, k) Yk #0

In other words, a 2D Euclidean point is represented by an equivalence class of 3D
points.

Projective space Space P associated with the homogeneous coordinates of an Euclidean — Projective space
space R™.
k
o= [ku, kv, k]T

Figure 1.4: Example of projective space P?

Remark. 0 is not a valid point in P".

Remark. A projective space allows to homogeneously handle both ordinary (image)
and ideal (scene) points without introducing additional complexity.



Point at infinity Given the parametric equation of a 2D line defined as:

_ _ |uo al _ |up+ Aa
a2 =[] ea[d] < o2

It is possible to define a generic point in the projective space along the line m as:

up + Aa L+a
_ m
mz[ :|E vo+Ab| = [R+D
1 1 1
)

The projective coordinates my, of the point at infinity of a line m is given by:

a
My = lim m= |b
A—00
0
k
Y d=[ab]"
my = [ug, vo]"
u - oa Me = [a,b,0]"
b N
v

u

Figure 1.5: Example of infinity point in P2

In 3D, the definition is trivially extended as:

L +a a

- Yo
My = lim Z)E)—'_b = b
A—o00 T‘FC C

1
X 0

Perspective projection Given a point M¢ = (z¢, yc, 2¢) in the CRF and its correspond-
ing point m = (u, v) in the image, the non-linear perspective projection in Euclidean
space can be done linearly in the projective space as:

[ fu%"i_uO- fu%""uo
m = = | fl2 +v | =zc | [l 4o
11 1 ] 1
_fuxC + zcug _fu 0 uo 0 ;g B
= | foyct+zcvo| =0 fu vo O = P, Mc¢
L [0 0 1 0o |7

Point at infinity

Perspective
projection in
projective space



Remark. The equation can be written to take account of the arbitrary scale factor
k as: i

km = RntMC
or, if k is omitted, as:

m ~ Py MC

Remark. In projective space, we can also project in Euclidean space the point at
infinity of parallel 3D lines in CRF with direction (a, b, ¢):

Z fu 0 w O Z fua + cugp fu% + up
My, = Pyt =10 fo w O = | fobtcew | =c fvg+7)0
N o 0o 1 0|¢ c 1
0 0
Therefore, the Euclidean coordinates are:
fug + up
mey, = ¢
> |:f vg + o

Note that this is not possible when ¢ = 0 (i.e. the line is parallel to the image plane).

Intrinsic parameter matrix The intrinsic transformation can be expressed through a ma-

trix:
fu 0 g
A=10 fv Vo
0 0 1

A is always upper right triangular and models the characteristics of the imaging
device.

Remark. If skew is considered, it would be at position (1, 2).

Extrinsic parameter matrix The extrinsic transformation can be expressed through a ma-
trix:
ri,1 rie 13 b
ro1 T22 T23 to
r31 T3z 7133 13
0 0 0 1

o3

Perspective projection matrix (PPM) As the following hold:
P, = [A|0] Mc = GMy,
The perspective projection can be represented in matrix form as:

m = P,y M¢ = P,,GMy, = PMy,

where P = P,z G is the perspective projection matrix. It is full-rank and has shape
3 x 4.

Remark. Every full-rank 3 x 4 matrix is a PPM.

Intrinsic parameter
matrix

Extrinsic parameter
matrix

Perspective
projection matrix



Canonical perspective projection PPM of form:
P = [1]0]

It is useful to represent the core operations carried out by a perspective pro-
jection as any general PPM can be factorized as:

P = A[I|0|G
where:

e G converts from WRT to CRF.

e [I]0] performs the canonical perspective projection (i.e. divide by the third
coordinate).

e A applies camera specific transformations.

A further factorization is:

R t

P = A[I|0]G = A[I|0] [(—) J = A[R|t]

1.3 Lens distortion

The PPM is based on the pinhole model and is unable to capture distortions that a lens
introduces.

Radial distortion Deviation from the ideal pinhole caused by the lens curvature.

Barrel distortion Defect associated with wide-angle lenses that causes straight
lines to bend outwards.

Pincushion distortion Defect associated with telephoto lenses that causes straight
lines to bend inwards.

Barrel

Pincushion

-------

Figure 1.6: Example of distortions w.r.t. a perfect rectangle

Tangential distortion Second-order effects caused by misalignment or defects of the lens
(i.e. capture distortions that are not considered in radial distortion).

1.3.1 Modeling lens distortion

Lens distortion can be modeled using a non-linear transformation that maps ideal (undis-
torted) image coordinates (Zyndist, Yundist) into the observed (distorted) coordinates (z,y):

|:'T:| _ L(T) |:33undist] + |:d$(xundistayundista'r)

Yy Yundist dy(xundistu Yundist s 7“)

Radial distortion Tangential distortion

where:

Canonical
perspective
projection

Radial distortion
Barrel distortion
Pincushion
distortion
Modeling lens

distortion



e 1 is the distance from the distortion center which is usually assumed to be the
piercing point ¢ = (0,0). Therefore, r = \/(Zundist)? + (Yundist)?-

e L(r) is the radial distortion function which is a linear operator defined for positive
r only and is approximated using the Taylor series:

LO0)=1  L(r) =14k + kor* + kgrb + ..
where k; are additional intrinsic parameters.

e The tangential distortion is approximated as:

_ 2p1$undistyundist + D2 (72 + 2(xundist)2)

dx(xundism Yundist » T):| — |:
21 Yundist Tundist + P2 (T2 + 2(yundist)2)

dy (1: undist » Yundist » T)

where p; and py are additional intrinsic parameters.

Remark. This approximation has empirically been shown to work.
Remark. The additivity of the two distortions in an assumption. Other models might
add arbitrary complexity.
1.3.2 Image formation with lens distortion

Lens distortion is applied after the canonical perspective projection. Therefore, the com- Image formation
plete workflow for image formation becomes the following: with lens distortion

1. Transform points from WRF to CRF:
~ T
GMy, = [:L’C Yo zZo 1]
2. Apply the canonical perspective projection:
:| T

T
Tc Yyc _
[% %:| = [ajundist Yundist

3. Apply the lens distortion non-linear mapping:

L(T‘) |:$und.ist:| + |:lex($und.ist7 yund.ista T):| — |:.%’:|
Yundist y(xundlsta Yundist » ’l“) )

4. Transform points from CRF to IRF:

T ku "
Aly| = |kv| — [v]
k

—_

1.4 Zhang’s method

Calibration patterns There are two approaches to camera calibration: Calibration patterns

e Use a single image of a 3D calibration object (i.e. image with at least 2 planes
with a known pattern).

e Use multiple (at least 3) images of the same planar pattern (e.g. a chessboard).

Remark. In practice, it is easier to get multiple images of the same pattern.



Algebraic error Error minimized to estimate an initial guess for a subsequent refinement  Algebraic error
step. It should be cheap to compute.

Geometric error Error minimized to match the actual geometrical location of a problem. Geometric error

Zhang’s method Algorithm to determine the intrinsic and extrinsic parameters of a cam-  Zhang’s method
era setup given multiple images of a pattern.
Image acquisition Acquire n images of a planar pattern with ¢ internal corners.
Consider a chessboard for which we have prior knowledge of:
e The number of internal corners,
e The size of the squares.

Remark. To avoid ambiguity, the number of internal corners should be odd
along one axis and even along the other (otherwise, a 180° rotation of the board
would be indistinguishable).

The WRF can be defined such that:
e The origin is always at the same corner of the chessboard.

e The z-axis is at the same level of the pattern so that z = 0 when referring
to points of the chessboard.

e The x and y axes are aligned to the grid of the chessboard. z is aligned
along the short axis and y to the long axis.

Remark. As each image has its own extrinsic parameters, during the execution
of the algorithm, for each image ¢ will be computed an estimate of its own
extrinsic parameters R; and t;.

Figure 1.7: Example of two acquired images

Initial homographies guess For each image 7, compute an initial guess of its homography
H;.

Due to the choice of the z-axis position, the perspective projection matrix and the
WRF points can be simplified:

U ~ P11 P12 Pr3 P4 N
km=kFk|v| =PMwy = |p21 P22 P23 D24 ’g
1 P31 P32 P33 Psal |
P11 P12 Pi14| |
= (P21 P22 P24 y| = Hw
P31 P32 P34l |1



where H is a homography and represents a general transformation between projec-
tive planes.

DLT algorithm Consider the i-th image with its ¢ corners. For each corner j, we
have prior knowledge of:
e [ts 3D coordinates in the WRF.
e [ts 2D coordinates in the IRF.

Then, for each corner j, we can define 3 linear equations where the homography
H; of the i-th image is the unknown:

T T ~
(e Dill Pil2 Pilal |T héﬁl h; w;

m;; = (vij| = |Pi21 Pi22 Pi2al| |Yi| = Hiwj = [hijy|W; = [hj,w;
T ~

1 P31 Piz2 Dizal |1 h; 5 h; ;W

]R3><3 ]R3><1

Geometrically, we can interpret H;w; as a point in P? that we want to align

to the projection of (u;;,v; ;) by tweaking H; (i.e. find H; such that Hw; =
T

kluig vy 1]7).

H;w; . T
iYjee— o ~ [T . wT 5. BT &
] H;w; = [hile,hizwj,hi3wj]

It can be shown that two vectors have the same direction if their cross product

T~ _ =T
h, w; =w; h,
and factorization

is O:
B UZJ h%‘lW] 0
m;; = Hin <~ m;; X Hin =0 < Vi | X h%?Wj =10
_ T ~ T - -
v ihj 3Wi —hiyw; 0
T & = _
= | hiw; —ujhijzw; | =10
T & T &
LuijhioWj — vijh; W 0]
I ()1><3 —\le ’UZ'JVNVIJI -hi,l 0
~ T 0 ~ T
<~ W 01«3 —Uj j W hi,g =10
~ T ~ T N
[ —VijWj Ui ;W; 013 Lh; 3 0
R3%9 ROX1
__ _ 5 h;,
0143 *W? Ui’jW? hl’ N 0
= | &7 3§ s | D2 =
W 01><3 —U; W 0
L "7 5] Vg h; 3
R?XQ )
RO9x1

only the first two
equations are
linearly independent



Given ¢ corners, a homogeneous overdetermined linear system of 2¢ equations to
estimate the (vectorized) homography h; is defined as follows:

O1x3 —Wi v 1W]

Wi O3 —uiiwi h;

: : h;o| =02cx1 = L;h; =0

(_)1><3 _VNVZ Ui,CVNVZ 8

O1x3 —Uj W |
R2cx9

With the constraint ||h;|| = 1 to avoid the trivial solution h; = 0.

The solution h} is found by minimizing the norm of L;h;:

h} = arg min ||L;h;|| subject to [[h;|| =1
hiERg

h? can be found using the singular value decomposition of L; = UiDiV;T. It can be
shown that h] = vg where vy is the last column of V;, associated with the smallest
singular value.

Remark. This step minimizes an algebraic error.

Homographies non-linear refinement The homographies H; estimated at the previous
step are obtained using a linear method and need to be refined as, for each image

. : hiTl‘x’j h;r2"~"j
i, the IRF coordinates Hiw; = (=, 7=
hi sW; hi,3wj

matching the known IRF coordinates m; ; of the j-corner in the i-image.

) of the world point w; are still not

Given an initial guess for the homography H;, we can refine it through a non-linear
minimization problem:

c
Hz* — argH#nZ ||mi,j — Hin||2
3 jzl

This can be solved using an iterative algorithm (e.g. Levenberg-Marquardt algo-
rithm).

Remark. This step minimizes a geometric error.

10



Initial intrinsic parameters guess From the PPM, the following relationship between in-
trinsic and extrinsic parameters can be established:
P =ARi|t;] =A[ri1 rip ri3 ti
= H, = [h@l hi72 hi73] = [kAI'i,l kAI'Z'Q kAtZ] By definition of H;
= (kri,l = Ailhal) A\ (krag = Ailhzﬂ)

Moreover, as R; is an orthogonal matrix, the following two constraints must hold:

(ri1,riz) =0= <A71hi,1, Ailhm) =0
=h! (A HTA " h;,=0
(ri1,ri1) = (rio,ris) = (A h; 1, A7 hy 1) = (A7 h; 5, A hy o)
= hz:l(A_l)TA_lhi,l = hz:z(A_l)TA_lhi’Q
where (-,-) is the dot product.

If at least 3 images have been collected, by stacking the two constraints for each
image, we obtain a homogeneous system of equations that can be solved with SVD
over the unknown (A~1H)7 A1

Note that (A~1)T A~1 is symmetric, therefore reducing the number of independent
parameters to 5 (6 with skew).

Once (A~1T A~ has been estimated, the actual values of A can be found by solving
a traditional system of equations using the structure and results in (A=H)T A~

Remark. This step minimizes an algebraic error.
Initial extrinsic parameters guess For each image, given the estimated intrinsic matrix
A and the homography Hj;, it holds that:
Hi = [hi,l hi’g hi’g] = []{JAI'Z‘J k’Ari’Q k‘Atl]
A_lhi71

= Tj1 = 2

Then, as r;; is a unit vector, it must be that k = [|A~th; 1]
Now, with k estimated, r; 2 and t; can be computed:
A”'hy A 'hig

rjg=——""7>- i =

’ k k
Finally, r; 3 can be computed as:
i3 =7T;1 XI;2

where X is the cross-product. It holds that:
e r; 3 is orthogonal to r; ; and r;o.

e ||r;3]| =1 as the cross-product computes the area of the square defined by r; 1
and r; 2 (both unit vectors).

Note that the resulting rotation matrix R; is not exactly orthogonal as:

e r; ;1 and r; 2 are not necessarily orthogonal.

11



e r; 9 does not necessarily have unit length as k was computed considering r; ;.

SVD for R; can be used to find the closest orthogonal matrix by substituting the
singular value matrix D with the identity I.

Remark. This step minimizes an algebraic error.
Initial distortion parameters guess The current estimate of the homographies H; project

WRF points into ideal (undistorted) IRF coordinates mypqist- On the other hand,
the coordinates m of the corners in the actual image are distorted.

The original algorithm estimates the parameters of the radial distortion function

defined as:
[$:| = L(r) [xundiSt] = (1 + leQ 4 k27.4) I:xundist:|
y Yundist Yundist

where ki and ko are parameters.

Remark. OpenCV uses a different method to estimate:
e 3 parameters ki, ko, k3 for radial distortion.
e 2 parameters pi, po for tangential distortion.

Using the estimated intrinsic matrix A, it is possible to obtain the CRF coordinates
(z,y) from the IRF coordinates (u,v) of m or my,gist:

ku T ku] fux + ug u—uo
kvl =Aly|l = |kv| = |foy+w| = [ﬂ = [vf%o]
k 1 k | 1 fo

Then, the distortion equation can be rewritten in IRF coordinates as:

u—ug [ “undist—uo
'Uiqfllo - (1 + k17"2 + k2r4) Uund{‘s’uf;_vo
fo

v

—’LL — U (2 ist — W
= 0] _ (1 + kZ1T2 + k27“4) undist 0
LV — Vo Vundist — V0

_u — U u iat — WU u ist — U
- 0| undist 0] _ (kl?“Q + k2r4) undist 0
L1V — Vo Vundist — V0 Vundist — V0

—u - uundist:| — |:(uundist - 'LL())?“Q (uundist - 'LL())?“4:| |:k1:|

=
LV — Vundist (Uundist - UO)""2 (Uundist - UO)""4 ko

With n images with ¢ corners each, we obtain 2nc equations to form a system d = Dk
in 2 unknowns k = [kl kQ]T. This can be solved in a least squares approach as:

k* = min | Dk — d|2 = D'd = (DT"D)'D"d
where D' is the pseudo-inverse of D.
Remark. This step minimizes an algebraic error.

Parameters non-linear refinement A final non-linear refinement of all the estimated pa-
rameters is done to obtain a solution closer to their physical meaning.

Assuming i.i.d. noise, this is done through the maximum likelihood estimate (MLE)
using the estimated parameters as starting point:

n C
A K R 6] =arg min D) i — (A K, Ryt W)

R =1

12



where m; ; are the known IRF coordinates in projective space of the j-th corner in
the i-th image and m(-) is the projection from WRF to IRF coordinates using the
estimated parameters.

This can be solved using iterative algorithms.

Remark. This step minimizes a geometric error.

1.5 Warping

Warp Transformation of an image on the spatial domain. Warp

Given an image I, warping can be seen as a function w that computes the new
coordinates of each pixel:

The transformation can be:

) [u’] [cos@ —sin 9] [u]
Rotation o =

sinf cosf | |v
u/ hi1 hig hig| |u
Full homography k |v'| = |ho1 hao hos| |v
1 hsi hsa hss] [1
Remark. Differently from warping, filtering transforms the pixel intensities of an

image.

1.5.1 Forward mapping

Starting from the input image coordinates, apply the warping function to obtain the output Forward mapping
image.

Output coordinates might be continuous and need to be discretized (e.g. truncated or

rounded). This might give rise to two problems:

Fold More than one input pixel ends up in the same output pixel.

Hole An output pixel does not have a corresponding input pixel.

. ?

N ;i

I(w,v) r'e',v"

Figure 1.8: Example of fold and hole

1.5.2 Backward mapping

Starting from the output image coordinates, use the inverse of the warping function w=! Backward mapping
to find its corresponding input coordinates.

u=w, (v, ) v =w, (u,v)

13



I(u,v) I'(u',v")

The computed input coordinates might be continuous. Possible discretization strategies
are:

e Truncation.
e Nearest neighbor.

e Interpolation between the 4 closest pixels of the continuous point (e.g. bilinear,
bicubic, ...).

Bilinear interpolation Given a continuous coordinate (u,v) and its closest four pixels Bilinear
(u1,v1), ..., (u4,vs4) with intensities denoted for simplicity as I; = I(u;, v;), bilinear interpolation
interpolation works as follows:

1. Compute the offset of (u,v) w.r.t. the top-left pixel:

Au=u—u Av=v—1
«—1 >
Li=I(uy, vy) 1y=I(uy, v;)

L=Kus3, v3) 1=1(uy, v4)

2. Interpolate a point (ug,v,) between (u1,v1) and (ug,v2) in such a way that it
is perpendicular to (u,v). Do the same for a point (up, vy) between (us,v3) and
(ug,v4). The intensities of the new points are computed by interpolating the
intensities of their extrema:

Ia:h—i—(IQ—Il)Au Ib:Ig—i-(Ll—Ig)Au

I=I(uy, vy) 1, L=I(uy, vy)

a _.--- ]3

I N/

o : b Iy
l Au . Au ‘ ‘
<

Figure 1.9: In the figure, it is assumed that Iy < Iy and I3 > Iy

\ 4
\
4

L=luz, v3) 1y 1g=l(ug, vg)

14



3. The intensity I(Au, Av) = I'(v/,v") in the warped image is obtained by inter-
polating the intensities of I, and Ip:

I'(u', o) =1, + (I, — I,)Av
= (Il + (I — Il)Au) + ((Ig, + (Iy — Ig)Au) — (Il + (I — Il)Au))AU
=(1—-Au)(1 —Av)1 + Au(l — Av)Iy + (1 — Au)Avls + AulAvly

Remark (Zoom). Zooming using nearest-neighbor produces sharper edges while
bilinear interpolation results in smoother images.

Nearest neighbor warp Bilinear interpolation warp

Remark. Nearest-neighbor is suited to preserve transition (e.g. zoom a binary mask
while maintaining the Os and 1s).

1.5.3 Undistort warping

Once a camera has been calibrated, the lens distortion parameters can be used to obtain
the undistorted image through backward warping.

Wy, = Unndist + (k172 + kar®) (Uundist — vo)

Wy = Vyndist + (k17"2 + k2r4)(vundist - UO)

I,(uundish Uundist) =1 (wqjl (uundista Uundist); wy_l (uundista 'Uundist))

Undistorted images enjoy some properties:

Planar warping Any two images without lens distortion of a planar world scene (zyy =  Planar warping

0) are related by a homography.

My=[xw yw 0 U'=[xy yw 17

Given two images containing the same world point, their image points (in projective
space) are respectively given by a homography H; and Hs (note that with z,, = 0,
the PPM is a 3 x 3 matrix and therefore a homography):

m; = H; My my = HoMy,
m; = H H, 'y my = HyH 'ving

Then, H1H2*1 = Hy = HfQI is the homography that relates ms to m; and
Hng_1 = Hpy = H2_11 relates m; to ms.

15



Remark. Only ground points on the planar section of the image can be correctly
warped.

Example (Inverse Perspective Mapping). In autonomous driving, it is usually useful
to have a bird-eye view of the road.

In a controlled environment, a calibrated camera can be mounted on a car to take
a picture of the road in front of it. Then, a (virtual) image of the road viewed from
above is generated. By finding the homography that relates the two images, it is
possible to produce a bird-eye view of the road from the camera mounted on the
vehicle.

Note that the homography needs to be computed only once.

Rotation warping Any two images without lens distortion taken by rotating the camera  Rotation warping
about its optical center are related by a homography.

It is assumed that the first image is taken in such a way that the WRF and CRF are
the same (i.e. no extrinsic parameters). Then, a second image is taken by rotating
the camera about its optical center. It holds that:

m; = A[I|0]My = AMy my; = A[R|0]My = ARMy,

m; = AR'A ', m,; = ARA 'y
Then, AR'A™! = Hy = H1_21 is the homography that relates my to m; and
ARA™' = Hy5 = H,' relates m; to .
Remark. Any point of the image can be correctly warped.

Example (Compensate pitch or yaw). In autonomous driving, cameras should be
ideally mounted with the optical axis parallel to the road plane and aligned with the
direction of motion. It is usually very difficult to obtain perfect alignment physically
but a calibrated camera can help to compensate pitch (i.e. rotation around the -
axis) and yaw (i.e. rotation around the y-axis) by estimating the vanishing point of
the lane lines.
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Pitch = —5° Pitch = 0° Pitch = +5°

It is assumed that the vehicle is driving straight w.r.t. the lines and that the WRF

is attached to the vehicle in such a way that the z-axis is pointing in front of the
vehicle. It holds that any line parallel to the z-axis has direction [0 0 1]T and
their point at infinity in perspective space is at [O 0 1 O]T.

The coordinates of the vanishing point are then obtained as:

0
0 0
my, = A[R|0] | = Arg = A |sinf
0 cos 3
1 0 0
where r3 is the third column of the rotation matrix Ryiicn = [0 cosf  sinf

0 —sinf cosf
that applies a rotation of 8 degree around the x-axis.
By computing the point at infinity, it is possible to estimate r3 = Mi:iln’?ﬁ (as rs
is a unit vector) and from it we can find the entire rotation matrix Rpitch-
Finally, the homography ARpitchA_l relates the pitched image to the ideal image.

Remark. The same procedure can be done for the yaw.
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2 Image classification

2.1 Supervised datasets

Dataset Given a set of labeled data, it can be split into:

Train set Dtrain — {(X(i) yt(ﬁlm

train’

Test set D' = {(Xi(:?st? yt(;)st)

distribution.

2.1.1 Modified NIST (MNIST)

000000602 p0OO0CZ 000
O T R U VAV RV L U B B VA |
Rd2AII 2722022122 %A2A
3333333%%»3333333
H# 44949 ¢£54d4 4\ ¢4
5558535 SS 585958554859
b6 bblobobbecesdb6tedl
T7977 71X TAINT2FT7 77
¥3 :®88 P S ¥ PTT YL
7199999%949%49499 9
2.1.2 CIFAR10

airplane

automobile

bird
cat
deer
dog
frog
horse

ship

AN L X

truck

y|i=1,...,N}.
li=1,...,M)}.

It is assumed that the two sets contain i.i.d. samples drawn from the same unknown

Content Handwritten digits from 0 to 9.
Number of classes 10.

Train set size 50k.

Test set size 10k.

Image format 28 x 28 grayscale.

Content Objects of various categories.
Number of classes 10.

Train set size 50k.

Test set size 10k.

Image size 32 x 32 RGB.

Content Objects of various categories.

Number of classes 100 (20 super-classed
with 5 sub-classes).

Train set size 50k.
Test set size 10k.

Image size 32 x 32 RGB.
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2.1.4 ImageNet 21k

Content Objects of various categories.
Number of classes 21k synsets from WordNet organized hierarchically.
Dataset size 14 millions.

Image size Variable resolution RGB. Average size of 400 x 350.

2 9 LIS
R#7 B oF IR A A h HEE Yamki

mammal —— placental —— carnivore canine —— dog ——workingdog —— husky

IE lﬂi @ %ﬂﬂ IME PREI
E I f RS Daal) iz

vehicle craft watercraft —— sailingvessel ——  sailboat —  trimaran

2.1.5 ImageNet 1k

red fox (100) hen-of-the-woods (100)  ibex (100)  goldfinch (100) flat-coated retriever (100) Content Objects Of VaI‘iOUS CategOI‘ieS

Number of classes 1000.

tiger (100) hamstev 1100) povcuplne(m(}] s 100) Blenheim spaniel (100)

Train set size 1.3 millions.
[

Validation set size 50k.

Iadle (65)  restaurant (64) letter opener 159

Test set size 100k.

hook (66) spolhght (66)

Image size Variable resolution RGB. Of-
ten resized to 256 x 256.

Remark. Performance is usually measured as top-5 accuracy as making a single prediction
might be ambiguous due to the fact that the images can contain multiple objects.

2.2 Learning

Learning problem Find the best model A* from the hypothesis space H that minimizes a Learning problem
loss function L:
h* = arg min £(h, D™™)
heH

In machine learning, models are usually parametrized. The problem then becomes
to find the best set of parameters 8* from the parameter space ©:

0F = inL(0 Dtrain
arg min £(6, )
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2.2.1 Loss function
Loss function Easy to optimize function that acts as a proxy to measure the goodness of ~ Loss function
a model.

The loss computed on a dataset is usually obtained as the average of the values of
the single samples:

‘Dtrainl
. 1 } J
£(6, Dtram) _ N Z ,C(H, (X(l)’y(l)))

0-1 loss Loss computed as the number of misclassifications: 0-1 loss
L(6, (x®, y(i))) = |misclassifications|

This loss is not ideal as it is insensitive to small (or even large) changes in the
parameters. Moreover, it does not tell in which direction should the parameters be
modified to reduce the loss.

Remark. This loss can be minimized using a combinatorial optimization approach
but it does not scale well with large datasets.

x, (=# capitalized )Ivords)

x1 (=#urls)

Figure 2.1: Example of linear classifier for spam detection. Small changes
on the boundary line do not change the 0-1 loss. The loss itself
does not tell which is the best direction to move the line.

Root mean square error Loss computed as the direct comparison between the prediction Root mean square
and target label: error

£(0,(x,y)) = | f(x7:0) = yV|2
Note that y* might be encoded (e.g. one-hot).

Cross-entropy loss Transform the logits of a model into a probability distribution and  Cross-entropy loss
estimate the parameters through MLE.

Softmax Function that converts its input into a probability distribution. Given Softmax

the logits s € R®, the score s; of class j is converted into a probability as follows:

; % exXp(s;
Pu(V = 1 = x0:6) = sofeman;(s) = <
k=1

For numerical stability, softmax is usually computed as:

(5 — mscla)) — exp(s; — max{s})
softmaX]( {s}) 22:1 exp(sy — max{s})
exp(—rrax{sT) exp(s;)

exp(= ST) > r—y exp(sk)

= softmax;(s)
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Maximum likelihood estimation Use MLE to estimate the parameters on the
probability distribution outputted by the softmax function:

0" = arg mgxpmodel(y(l), Ly () g)

N
= mode Y = (@) X = (1)0
argmgxil_llp del ( Y| x\"; )

N
= — @ x — x().
arg max Z log Prodal(Y =y | X = x\V; 0)

i=1
N

= I -1 mode Y = (Z)X: (1)0

argmeln;:l 0g Pmodel (Y = y'"| x\"; 0)

exp(sy )

N
= arg min —log <C)
2 s exnten

N c
= arg n%inz —log (exp(sy(i))> + log (Z exp(sk)>
i=1 k=1

N c
= arg rrbin Z —s, ) + log (Z exp(sk)>

=1 k=1

The second term (log (>_;_; exp(sy))) is called logsumexp and approximates
the max function. Therefore, the loss can be seen as:

C
£(0,(x,y)) = —s ) +log (Z eXp(Sk)> ~ —s,() + max{s}
k=1

2.2.2 Gradient descent
Gradient descent An epoch e of gradient descent does the following:

1. Classify all training data to obtain the predictions (") = f(x(;0(¢=1) and the
loss £(@(¢~1) Dtrain),

2. Compute the gradient VL = 25(g(¢—1), ptrain),
3. Update the parameters 8(¢) = (=1 —1r. VL.
Stochastic gradient descent Reduce the computational cost of gradient descent by com-
puting the gradient of a single sample. An epoch e of SGD does the following:
1. Shuffle the training data D2,
2. Fort=0,...,N—1:

a) Classify x() to obtain the prediction §(?) = f(x(®);@*N+)) and the loss
5(9(6*N+i)’ (X(i)’ y(i))),

b) Compute the gradient VL = g—g (G(E*N“), (x@, y(i))).
¢) Update the parameters @(e*N+i+1) — glexN+i) _ 1.y,

SGD with mini-batches Increase the update accuracy of SGD by using a mini-batch. An
epoch e of SGD with mini-batches of size B does the following:
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1. Shuffle the training data D20,
2. Foru=0,...,U, with U = (%1:
a) Classify the examples X (@ = {x(Bv) x(But+D=D1 {4 ohtain the pre-
dictions V() = f(X®); 9(¢*U+w) and the loss £(0V+4) (X y W),
b) Compute the gradient VL = g—g (B(G*U“‘), (X W), }7(“))).
¢) Update the parameters @(¢*U+utl) — glexU+uw) _ 1.y,
The following properties generally hold:

e Larger batches provide a smoother estimation of the gradient and allow to better
exploit parallel hardware (below a certain limit, there is no gain in time).

e Smaller batches require more iterations to train but might have a regularization
effect for better generalization.

2.3 Linear classifier

Determine the class by computing a linear combination of the input.
Given ¢ classes and a flattened image x € R?, a linear classifier f parametrized on W €
R*? is defined as:

f(x; W) = Wx = logits

where the logits € R® vector contains a score for each class.
The prediction is obtained as the index of the maximum score.

Remark. Predicting directly the integer encoded classes is not ideal as it would give a
(probably) inexistent semantic ordering (e.g. if 2 encodes bird and 3 encodes cat, 2.5
should not mean half bird and half cat).

Remark. Linear classifiers can be seen as a template-matching method. Each row of
W € R is a class template that is cross-correlated with the image to obtain a score.

In practice, a linear classifier is actually an affine classifier parametrized on § = (W €
R b € R):
f(x;0) = Wx +b = logits

22

Linear classifier

Affine classifier



	Camera calibration
	Forward imaging model
	Image pixelization (CRF to IRF)
	Roto-translation (WRF to CRF)

	Projective space
	Lens distortion
	Modeling lens distortion
	Image formation with lens distortion

	Zhang's method
	Warping
	Forward mapping
	Backward mapping
	Undistort warping


	Image classification
	Supervised datasets
	Modified NIST (MNIST)
	CIFAR10
	CIFAR100
	ImageNet 21k
	ImageNet 1k

	Learning
	Loss function
	Gradient descent

	Linear classifier


