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1 Graphs

1.1 Definitions

Directed graph (digraph) Directed graphPair G = (I, E) where I = {1, . . . , N} is the set of nodes and
E ⊆ I × I is the set of edges.

Undirected graph Undirected graphDigraph where ∀i, j : (i, j) ∈ E ⇒ (j, i) ∈ E.

Subgraph SubgraphGiven a graph (I, E), (I ′, E′) is a subgraph of it if I ′ ⊆ I and E′ ⊂ E.

Spanning subgraph Subgraph where I ′ = I.

In-neighbor In-neighborA node j ∈ I is an in-neighbor of i ∈ I if (j, i) ∈ E.

Set of in-neighbors Set of in-neighborsThe set of in-neighbors of i ∈ I is the set:

N IN
i = {j ∈ I | (j, i) ∈ E}

In-degree In-degreeNumber of in-neighbors of a node i ∈ I:

degINi = |N IN
i |

Out-neighbor Out-neighborA node j ∈ I is an out-neighbor of i ∈ I if (i, j) ∈ E.

Set of out-neighbors Set of in-neighborsThe set of out-neighbors of i ∈ I is the set:

NOUT
i = {j ∈ I | (i, j) ∈ E}

Out-degree Out-degreeNumber of out-neighbors of a node i ∈ I:

degOUT
i = |NOUT

i |

Balanced digraph Balanced digraphA digraph is balanced if ∀i ∈ I : degINi = degOUT
i .

Periodic graph Periodic graphGraph where there exists a period k > 1 that divides the length of any
cycle.

Remark. A graph with self-loops is aperiodic.

Strongly connected digraph Strongly connected
digraph

Digraph where each node is reachable from any node.

Connected undirected graph Connected
undirected graph

Undirected graph where each node is reachable from any
node.

Weakly connected digraph Weakly connected
digraph

Digraph where its undirected version is connected.
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1.2 Weighted digraphs

Weighted digraph Weighted digraphTriplet G = (I, E, {ai,j}(i,j)∈E) where (I, E) is a digraph and ai,j > 0
is a weight for the edge (i, j).

Weighted in-degree Weighted in-degreeSum of the weights of the inward edges:

degINi =

N∑
j=1

aj,i

Weighted out-degree Weighted out-degreeSum of the weights of the outward edges:

degOUT
i =

N∑
j=1

ai,j

Weighted adjacency matrix Weighted adjacency
matrix

Non-negative matrix A such that Ai,j = ai,j :{
Ai,j > 0 if (i, j) ∈ E

Ai,j = 0 otherwise

In/out-degree matrix In/out-degree matrixMatrix where the diagonal contains the in/out-degrees:

DIN =


degIN1 0 · · · 0

0 degIN2
...

. . .

0 · · · 0 degINN

 DOUT =


degOUT

1 0 · · · 0

0 degOUT
2

...
. . .

0 · · · 0 degOUT
N


Remark. Given a digraph with adjacency matrix A, its reverse digraph has adja-
cency matrix AT .

Remark. It holds that:

DIN = diag(AT1) DOUT = diag(A1)

where 1 is a vector of ones.

Remark. A digraph is balanced iff AT1 = A1.

1.3 Laplacian matrix

(Out-degree) Laplacian matrix Laplacian matrixMatrix L defined as:

L = DOUT −A

Remark. The vector 1 is always an eigenvector of L with eigenvalue 0:

L1 = (DOUT −A)1 = DOUT1−DOUT1 = 0

In-degree Laplacian matrix In-degree Laplacian
matrix

Matrix LIN defined as:

LIN = DIN −AT
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Remark. LIN is the out-degree Laplacian of the reverse graph.
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2 Averaging systems

Distributed algorithm Distributed
algorithm

Given a network of N agents that communicate according to a
(fixed) digraph G (each agent receives messages from its in-neighbors), a distributed
algorithm computes:

xk+1
i = stfi(x

k
i , {xkj }j∈N IN

i
) ∀i ∈ {1, . . . , N}

where xki is the state of agent i at time k and stfi is a local state transition function
that depends on the current input states.

Remark. Out-neighbors can also be used.

Remark. If all nodes have a self-loop, the notation can be compacted as:

xk+1
i = stfi({xj}j∈N IN

i
) or xk+1

i = stfi({xj}j∈NOUT
i

)

2.1 Discrete-time averaging algorithm

Linear averaging distributed algorithm (in-neighbors) Linear averaging
distributed
algorithm
(in-neighbors)

Given the communication digraph
with self-loops Gcomm = (I, E) (i.e., (j, i) ∈ E indicates that j sends messages to i),
a linear averaging distributed algorithm is defined as:

xk+1
i =

∑
j∈N IN

i

aijx
k
j i ∈ {1, . . . , N}

where aij > 0 is the weight of the edge (j, i) ∈ E.

Linear time-invariant (LTI) autonomous system Linear
time-invariant (LTI)
autonomous system

By defining aij = 0 for (j, i) /∈ E,
the formulation becomes:

xk+1
i =

N∑
j=1

aijx
k
j i ∈ {1, . . . , N}

In matrix form, it becomes:
xk+1 = ATxk

where A is the adjacency matrix of Gcomm.

Remark. This model is inconsistent with respect to graph theory as weights
are inverted (i.e., aij refers to the edge (j, i)).

Linear averaging distributed algorithm (out-neighbors) Linear averaging
distributed
algorithm
(out-neighbors)

Given a fixed sensing digraph
with self-loops Gsens = (I, E) (i.e., (i, j) ∈ E indicates that j sends messages to
i), the algorithm is defined as:

xk+1
i =

∑
j∈NOUT

i

aijx
k
j =

N∑
j=1

aijx
k
j
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In matrix form, it becomes:
xk+1 = Axk

where A is the weighted adjacency matrix of Gsens.

2.1.1 Stochastic matrices

Row stochastic Row stochasticGiven a square matrix A, it is row stochastic if its rows sum to 1:

A1 = 1

Column stochastic Column stochasticGiven a square matrix A, it is column stochastic if its columns sum
to 1:

AT1 = 1

Doubly stochastic Doubly stochasticGiven a square matrix A, it is doubly stochastic if it is both row and
column stochastic.

Lemma 2.1.1. An adjacency matrix A is doubly stochastic if it is row stochastic and the
graph G associated to it is weight balanced and has positive weights.

Lemma 2.1.2. Given a digraph G with adjacency matrix A, if G is strongly connected
and aperiodic, and A is row stochastic, its eigenvalues are such that:

• λ = 1 is a simple eigenvalue (i.e., algebraic multiplicity of 1),

• All others µ are |µ| < 1.

Remark. For the lemma to hold, it is necessary and sufficient that G contains a globally
reachable node and the subgraph of globally reachable nodes is aperiodic.

2.1.2 Consensus

Theorem 2.1.1 (Discrete-time consensus). Discrete-time
consensus

Consider a discrete-time averaging system
with digraph G and weighted adjacency matrix A. Assume G strongly connected and
aperiodic, and A row stochastic.
It holds that there exists a left eigenvector w ∈ RN , w > 0 such that the consensus
converges to:

lim
k→∞

xk = 1
wTx0

wT1
=

1...
1

 ∑N
i=1wix

0
i∑N

j=1wj

=

1...
1

 N∑
i=1

wi∑N
j=1wj

x0i

where w̃i =
wi∑N
i=j wj

are all normalized and sum to 1 (i.e., they produce a convex combi-

nation).
Moreover, if A is doubly stochastic, then it holds that the consensus is the average:

lim
k→∞

xk = 1
1

N

N∑
i=1

x0i

Sketch of proof. Let T =
[
1 v2 · · · vN

]
be a change in coordinates that transforms

an adjacency matrix into its Jordan form J :

J = T−1AT
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As λ = 1 is a simple eigenvalue (Lemma 2.1.2), it holds that:

J =


1 0 · · · 0
0
... J2

0


where the eigenvalues of J2 ∈ R(N−1)×(N−1) lie inside the open unit disk.
Let xk = T x̄k, then we have that:

xk+1 = Axk

⇐⇒ T x̄k+1 = A(T x̄k)

⇐⇒ x̄k+1 = T−1A(T x̄k) = J x̄k

Therefore:

lim
k→∞

x̄k = x̄01


1
0
...
0


x̄k+1
1 = x̄k1 ∀k ≥ 0

lim
k→∞

x̄ki = 0 ∀i = 2, . . . , N

Example (Metropolis-Hasting weights). Given an undirected unweighted graph G with
edges of degrees d1, . . . , dn, Metropolis-Hasting weights are defined as:

aij =


1

1+max{di,dj} if (i, j) ∈ E and i ̸= j

1−
∑

h∈Ni∖{i} aih if i = j

0 otherwise

The matrix A of Metropolis-Hasting weights is symmetric and doubly stochastic.

2.2 Discrete-time averaging algorithm over time-varying graphs

2.2.1 Time-varying digraphs

Time-varying digraph Time-varying
digraph

Graph G = (I, E(k)) that changes at each iteration k. It can be
described by a sequence {G(k)}k≥0.

Jointly strongly connected digraph Jointly strongly
connected digraph

Time-varying digraph that is asymptotically strongly
connected:

∀k ≥ 0 :
+∞⋃
τ=k

G(τ) is strongly connected

Uniformly jointly strongly/B-strongly connected digraph Uniformly jointly
strongly/B-strongly
connected digraph

Time-varying digraph that is
strongly connected in B steps:

∀k ≥ 0, ∃B ∈ N :
k+B⋃
τ=k

G(τ) is strongly connected
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Remark. (Uniformly) jointly strongly connected digraph can be disconnected at some
time steps k.

Averaging distributed algorithm Averaging
distributed
algorithm over
time-varying digraph

Given a time-varying digraph {G(k)}k≥0 (always with
self-loops), in- and out-neighbors distributed algorithms can be formulated as:

xk+1
i =

∑
j∈N IN

i (k)

aij(k)x
k
j xk+1

i =
∑

j∈NOUT
i (k)

aij(k)x
k
j

Linear time-varying (LTV) discrete-time system Linear time-varying
(LTV) discrete-time
system

In matrix form, it can be formu-
lated as:

xk+1 = A(k)xk

2.2.2 Consensus

Theorem 2.2.1 (Discrete-time consensus over time-varying graphs). Discrete-time
consensus over
time-varying graphs

Consider a time-
varying discrete-time average system with digraphs {G(k)}k≥0 (all with self-loops) and
weighted adjacency matrices {A(k)}k≥0. Assume:

• Each non-zero edge weight aij(k), self-loops included, are larger than a constant
ε > 0,

• There exists B ∈ N such that {G(k)}k≥0 is B-strongly connected.

It holds that there exists a vector w ∈ RN , w > 0 such that the consensus converges to:

lim
k→∞

xk = 1
wTx0

wT1

Moreover, if each A(k) is doubly stochastic, it holds that the consensus is the average:

lim
k→∞

xk = 1
1

N

N∑
i=1

x0i

2.3 Continuous-time averaging algorithm

2.3.1 Laplacian dynamics

Network of dynamic systems Network of dynamic
systems

Network described by the ODEs:

ẋi(t) = ui(t) ∀i ∈ {1, . . . , N}

with states xi ∈ R, inputs ui ∈ R, and communication following a digraph G.

Laplacian dynamics system Laplacian dynamics
system

Consider a network of dynamic systems where ui is defined
as a proportional controller (i.e., only communicating (i, j) have a non-zero weight
aij):

ui(t) = −
∑

j∈NOUT
i

aij

(
xi(t)− xj(t)

)

= −
N∑
j=1

aij

(
xi(t)− xj(t)

)
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Remark. With this formulation, consensus can be seen as the problem of minimizing
the error defined as the difference between the states of two nodes.

Remark. A definition with in-neighbors also exists.

Theorem 2.3.1 (Linear time invariant (LTI) continuous-time system). Linear time
invariant (LTI)
continuous-time
system

With x =[
x1 . . . xN

]T
, the system can be written in matrix form as:

ẋ(t) = −Lx(t)

where L is the Laplacian associated with the communication digraph G.

Proof. The system is defined as:

ẋi(t) = −
N∑
j=1

aij

(
xi(t)− xj(t)

)
By rearranging, we have that:

ẋi(t) = −

 N∑
j=1

aij

xi(t) +

N∑
j=1

aijxj(t)

= −degOUT
i xi(t) + (Ax(t))i

Which in matrix form is:

ẋ(t) = −DOUTx(t) +Ax(t)

= −(DOUT −A)x(t)

By definition, L = DOUT −A. Therefore, we have that:

ẋ(t) = −Lx(t)

Remark. By Theorem 2.3.1, row/column stochasticity is not required for consensus.
Instead, the requirement is for the matrix to be Laplacian.

2.3.2 Consensus

Lemma 2.3.1. It holds that:

L1 = DOUT1−A1 =

deg
OUT
1
...

degOUT
i

−

deg
OUT
1
...

degOUT
i

 = 0

Lemma 2.3.2. The Laplacian L of a weighted digraph has an eigenvalue λ = 0 and all
the others have strictly positive real part.

Lemma 2.3.3. Given a weighted digraph G with Laplacian L, the following are equiva-
lent:

• G is weight balanced.

• 1 is a left eigenvector of L: 1TL = 0 with eigenvalue 0.
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Lemma 2.3.4. If a weighted digraph G is strongly connected, then λ = 0 is a simple
eigenvalue.

Theorem 2.3.2 (Continuous-time consensus). Continuous-time
consensus

Consider a continuous-time average system
with a strongly connected weighted digraph G and Laplacian L. Assume that the system
follows the Laplacian dynamics ẋ(t) = −Lx(t) for t ≥ 0.
It holds that there exists a left eigenvector w of L with eigenvalue λ = 0 such that the
consensus converges to:

lim
t→∞

x(t) = 1

(
wTx(0)

wT1

)
Moreover, if G is weight balanced, then it holds that the consensus is the average:

lim
t→∞

x(t) = 1

∑N
i=1 xi(0)

N

Remark. The result also holds for unweighted digraphs as 1 is both a left and right
eigenvector of L.
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3 Leader-follower networks

Leader-follower network Leader-follower
network

Consider agents partitioned into Nf followers and N −Nf lead-
ers.

The state vector can be partitioned as:

x =

[
xf

xl

]
where xf ∈ RNf are the followers’ states and xl ∈ RN−Nf the leaders’.

The Laplacian can also be partitioned as:

L =

[
Lf Lfl

LT
fl Ll

]
where Lf is the followers’ Laplacian, Ll the leaders’, and Lfl is the part in common.

Assume that leaders and followers run the same Laplacian-based distributed control
law (i.e., an normal averaging system), the system can be formulated as:[

ẋf (t)
ẋl(t)

]
= −

[
Lf Lfl

LT
fl Ll

] [
xf (t)
xl(t)

]
Example. Consider a path graph with four nodes:

0 ↔ 1 ↔ 2 ↔ (3)

The nodes 0, 1, 2 are followers and 3 is a leader. The system is:
ẋ1(t)
ẋ2(t)
ẋ3(t)
ẋ4(t)

 =


1 -1 0 0
-1 2 -1 0
0 -1 2 -1

0 0 -1 1



x1(t)
x2(t)
x3(t)
x4(t)


3.1 Containment

Containment ContainmentTask where leaders are stationary and the goal is to drive followers within
the convex hull enclosing the leaders. Followers can communicate with agents of any
type while leaders do not communicate.

10



Containment control law Containment control
law

Given Nf followers and N−Nf leaders, the control law to solve
the containment task have:

• Followers running Laplacian dynamics.

• Leaders being stationary.

The system is:

ẋi(t) = −
∑
j∈Ni

aij
(
xi(t)− xj(t)

)
∀i ∈ {1, . . . , Nf}

ẋi(t) = 0 ∀i ∈ {Nf + 1, . . . , N}

In matrix form, it becomes:

ẋ(t) = −Lx(t)[
ẋf (t)
ẋl(t)

]
= −

[
Lf Lfl

0 0

] [
xf (t)
xl(t)

]
ẋf (t) = −Lfxf (t)−Lflxl

where Lf can be seen as the state matrix and Lfl as the input matrix. The input
xl = xl(0) = xl(t) is constant.

Lemma 3.1.1. If the interaction graph G between leaders and followers is undirected and
connected, then the followers’ Laplacian Lf is positive definite.

Proof. We need to prove that:

xT
f Lfxf > 0 ∀xf ̸= 0

As G is undirected, it holds that:

• The complete Laplacian L is symmetric and thus have real-valued eigenvalues.

• By Lemma 2.3.2, all its non-zero eigenvalues are positive.

• By Lemma 2.3.4, as G is connected, the eigenvalue λ = 0 is simple.

Therefore:

• xTLx ≥ 0 as all eigenvalues are non-negative.

• xTLx = 0 ⇐⇒ x = α1 for α ∈ R, as λ = 0 is simple.

The following two arguments can be made:

1. By choosing x̄ =
[
xf 0

]T
, it holds that:

x̄TLx̄ ≥ 0 ∀x̄[
xf 0

] [Lf Lfl

LT
fl Ll

] [
xf

0

]
≥ 0 ∀xf

xT
f Lfxf ≥ 0 ∀xf

2. The only case when xTLx = 0 for x ̸= 0 is with x = α1 for α ̸= 0. As ∀xf : x̄ ̸= α1,
it holds that ∀xf : xT

f Lfxf ̸= 0.

Therefore, Lf is positive definite as ∀xf ̸= 0 : xT
f Lfxf > 0.
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Lemma 3.1.2. It holds that ẋf = −Lfxf is globally exponentially stable (i.e., converges
to 0 exponentially).

Proof. As Lf is symmetric and positive definite by Lemma 3.1.1, its eigenvalues are real
and positive. Therefore, −Lf have real and negative eigenvalues, which is the condition
of a globally exponentially stable behavior.

Theorem 3.1.1 (Containment optimality). Containment
optimality

Given a leader-follower network such that:

• Followers run Laplacian dynamics,

• Leaders are stationary,

• The interaction graph G is fixed, undirected, and connected.

It holds that all followers asymptotically converge to a state (not necessarily the same)
within the convex hull containing the leaders.

Proof. The proof is done in two parts:

Unique globally asymptotically stable equilibrium We want to prove that the follow-
ers’ state xf (t) converges to some value xf,E for any initial state. The equilibrium
can be found by solving:

0 = −Lfxf,E −Lflxl

where ẋf = 0 (i.e., reached convergence) and xf,E is the equilibrium state.

By Lemma 3.1.1, Lf is positive definite and thus invertible, therefore, we have that:

xf,E = −L−1
f Lflxl

Let e(t) = xf (t) − xf,E (intuitively, the distance to equilibrium). As the rate of
change of e(t) depends only on xf (t) (i.e., ė(t) = ẋf (t)), we have that:

ė(t) = ẋf (t)

= −Lfxf (t)−Lflxl

= −Lf (e(t) + xf,E)−Lflxl

= −Lfe(t) +�������
LfL

−1
f Lflxl −�

��Lflxl

Lemma 3.1.3. Any equilibrium or trajectory based on an LTI system enjoys the
same stability property of that system.

As Lemma 3.1.2 states that ẋf = −Lfxf is globally asymptotically stable, by
Lemma 3.1.3, it holds that ė(t) = −Lfe(t) is also a globally asymptotically stable
system and xf,E is the unique globally stable equilibrium of the followers’ dynamics.

Equilibrium within convex hull We want to prove that each element of xf,E falls within
the convex hull of the leaders.

For simplicity, let us denote the states vector as xE =
[
xf,E xl

]T
and its i-th

component as xE,i.

The dynamics at convergence of the i-th follower is:

0 = −
N∑
j=1

aij(xE,i − xE,j) ∀i ∈ {1, . . . , Nf}
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Therefore, we have that: N∑
j=1

aij

xE,i =
N∑
j=1

aijxE,j ∀i ∈ {1, . . . , Nf}

xE,i =
N∑
j=1

aij∑N
k=1 aik

xE,j ∀i ∈ {1, . . . , Nf}

As
aij∑N

k=1 aik
define a convex combination (i.e., sum of all of them is 1), each follower’s

equilibrium xE,i belongs to the convex hull of all the other agents (both leaders and
followers). As leaders are stationary, they are not affected by this constraint and it
can be concluded that followers’ equilibria fall within the convex hull of the leaders.

Remark (Leader-follower containment weakness). The final part of the proof of Theo-
rem 3.1.1 also shows that if there is an adversarial follower that does not change its state,
all others will converge towards it.
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