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1 Neural networks expressivity

1.1 Perceptron

Single neuron that defines a binary threshold through a hyperplane:{
1

∑
iwixi + b ≥ 0

0 otherwise

Expressivity Perceptron
expressivity

A perceptron can represent a NAND gate but not a XOR gate.

Lines, planes, hyperplanes
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line equation: 1.5− x1 − x2 = 0 or 3− 2x1 − 2x2 = 0
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The XOR case
Can we draw a straight line separating red and green points?
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XOR

Remark. Even if NAND is logically complete, the strict definition of a perceptron
is not a composition of them.

1.2 Multi-layer perceptron

Composition of perceptrons.

Shallow neural network Shallow NNNeural network with one hidden layer.

Deep neural network Deep NNNeural network with more than one hidden layer.

Expressivity Multi-layer
perceptron
expressivity

Shallow neural networks allow to approximate any continuous function

f : R → [0, 1]

Remark. Still, deep neural networks allow to use less neural units.
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2 Training

2.1 Gradient descent

1. Gradient descentStart from a random set of weights w.

2. Compute the gradient ∇L of the loss function.

3. Make a small step of size −∇L(w).

4. Go to 2., until convergence.

Learning rate Learning rateSize of the step. Usually denoted with µ.

w = w − µ∇L(w)

Optimizer OptimizerAlgorithm that tunes the learning rate during training.

Stochastic gradient descent Stochastic gradient
descent

Use a subset of the training data to compute the gradient.

Full-batch Use the entire dataset.

Mini-batch Use a subset of the training data.

Online Use a single sample.

Remark. SGD with mini-batch converges to the same result obtained using a full-
batch approach.

Momentum MomentumCorrect the update vt at time t considering the update vt−1 of time t− 1.

wt+1 = wt − vt

vt = µ∇L(wt) + αvt−1

Nesterov momentum Nesterov momentumApply the momentum before computing the gradient.

2.2 Backpropagation

Chain rule Chain ruleRefer to SMM for AI (Section 5.1.1).

Backpropagation BackpropagationAlgorithm to compute the gradient at each layer of a neural network.

The output of the i-th neuron in the layer l of a neural network can be defined as:

al,i = σl,i(w
T
l,ial−1 + bl,i) = σl,i(zl,i)

where:

� al,i ∈ R is the output of the neuron.

� wl,i ∈ Rnl−1 is the vector of weights.

� al−1 ∈ Rnl−1 is the vector of the outputs of the previous layer.
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� bl,i ∈ R is the bias.

� σl,i : R → R is the activation function1.

� zl,i(wl,i, bl,i|al−1) = wT
l,ial−1 + bl,i is the argument of the activation function

and is parametrized on wl,i and bl,i.

Hence, the outputs of the l-th layer can be defined as:

al = σl(W
T
l al−1 + bl) = σl(zl(Wl,bl|al−1))

where:

� σl : Rnl → Rnl is the element-wise activation function.

� Wl ∈ Rnl×nl−1 , al−1 ∈ Rnl−1 , bl ∈ Rnl , al ∈ Rnl .

Finally, a neural network with input x can be expressed as:

a0 = x

ai = σi(zi(Wi,bi|ai−1))

Given a neural network with K layers and a loss function L, we want to compute
the derivative of L w.r.t. the weights of each layer to tune the parameters.

First, we highlight the parameters of each of the functions involved:

Loss L(aK) = L(σK) takes as input the output of the network (i.e. the output of
the last activation function).

Activation function σi(zi) takes as input the value of the neurons at the i-th
layer.

Neurons zi(Wi,bi) takes as input the weights and biases at the i-th layer.

Let ⊙ be the Hadamard product. By exploiting the chain rule, we can compute the
derivatives w.r.t. the weights going backward:

∂L
∂WK

=
∂L
∂σK

∂σK
∂zK

∂zK
∂WK

= ∇L(aK)
RnK×1

⊙∇σK(zK)
RnK×1

· aTK−1
1×RnK−1

∈ RnK×nK−1

∂L
∂WK−1

=
∂L
∂σK

∂σK
∂zK

∂zK
∂σK−1

∂σK−1

∂zK−1

∂zK−1

∂WK−1

= (∇L(aK)
RnK×1

⊙∇σK(zK)
RnK×1

)T · WK
RnK×RnK−1

⊙∇σK−1(zK−1)
RnK−1×1

· aTK−2
1×RnK−2

∈ RnK−1×nK−2

...

In the same way, we can compute the derivatives w.r.t. the biases:

∂L
∂bK

=
∂L
∂σK

∂σK
∂zK

∂zK
∂bK

= ∇L(aK)
RnK×1

⊙∇σK(zK)
RnK×1

· 1 ∈ RnK

∂L
∂bK−1

=
∂L
∂σK

∂σK
∂zK

∂zK
∂σK−1

∂σK−1

∂zK−1

∂zK−1

∂bK−1

= (∇L(aK)
RnK×1

⊙∇σK(zK)
RnK×1

)T · WK
RnK×RnK−1

⊙∇σK−1(zK−1)
RnK−1×1

· 1 ∈ RnK−1

1Even if it is possible to have a different activation function in each neuron, in practice, each layer has
the same activation function.
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...

It can be noticed that many terms are repeated from one layer to another. By
exploiting this, we can store the following intermediate values:

δK =
∂L
∂zK

=
∂L
∂σK

∂σK
∂zK

= ∇L(aK)⊙∇σK(zK)

δl =
∂L
∂zl

= δTl+1 ·Wl+1 ⊙∇σl(zl)

and reused them to compute the derivatives as follows:

∂L
∂Wl

=
∂L
∂zl

∂zl
∂Wl

= δl · aTl−1

∂L
∂bl

=
∂L
∂zl

∂zl
∂bl

= δl · 1

Vanishing gradient Vanishing gradientAs backpropagation consists of a chain of products, when a compo-
nent is small (i.e. < 1), it will gradually cancel out the gradient when backtracking,
causing the first layers to learn much slower than the last layers.

Remark. This is an issue of the sigmoid function. ReLU was designed to solve this
problem.
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