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1 Graphs

1.1 Definitions

Directed graph (digraph) Pair G = (I, E) where I = {1,..., N} is the set of nodes and  Directed graph
E C I x 1 is the set of edges.

Undirected graph Digraph where Vi, j: (i,j) € E = (j,i) € E. Undirected graph
Subgraph Given a graph (I, E), (I', E’) is a subgraph of it if I’ C I and E’ C E. Subgraph
Spanning subgraph Subgraph where I’ = I.
In-neighbor A node j € I is an in-neighbor of i € I if (j,4) € E. [n-neighbor
Set of in-neighbors The set of in-neighbors of ¢ € [ is the set: Set of in-neighbors

NN ={jeI|(ji) € B}
In-degree Number of in-neighbors of a node ¢ € I: In-degree
deg%N — |MIN|

Out-neighbor A node j € I is an out-neighbor of i € I if (i,j) € E. Out-neighbor

Set of out-neighbors The set of out-neighbors of ¢ € I is the set: Set, of in-neighbors
NPVE = {j eI (i) € E}

Out-degree Number of out-neighbors of a node i € I: Out-degree

degQUT — |A/‘iOUT|

1)

Balanced digraph A digraph is balanced if Vi € I : degl™ = deg®UT. Balanced digraph

Periodic graph Graph where there exists a period k > 1 that divides the length of any Periodic graph
cycle.

| Remark. A graph with self-loops is aperiodic.

Strongly connected digraph Digraph where each node is reachable from any node. Strongly connected
digraph
Connected undirected graph Undirected graph where each node is reachable from any Connected

node. undirected graph

Weakly connected digraph Digraph where its undirected version is connected. Weakly connected
digraph



1.2 Weighted digraphs

Weighted digraph Triplet G = (I, E, {a; ;}(; j)er) Where (I, E) is a digraph and a;; > 0
is a weight for the edge (3, 7).

Weighted in-degree Sum of the weights of the inward edges:
N
deglI-N = Z Qs
j=1
Weighted out-degree Sum of the weights of the outward edges:

N
deg?"" = Jai;
—

Weighted adjacency matrix Non-negative matrix A such that A;; = a; ;:

Az‘,j >0 if (Z,j) er
A;;j =0 otherwise

In/out-degree matrix Matrix where the diagonal contains the in/out-degrees:

deg!N 0 e 0 degPVT 0 e 0
PN 0 degiN HOUT 0 degdUT
0 e 0 degh 0 e 0 degQUT

Remark. Given a digraph with adjacency matrix A, its reverse digraph has adja-
cency matrix AT,

Remark. It holds that:

DOUT = diag(AT1) D™ = diag(A1)

where 1 is a vector of ones.

|Remark. A digraph is balanced iff AT1 = Al.
1.3 Laplacian matrix
(Out-degree) Laplacian matrix Matrix L defined as:

I = DOUT _A
Remark. The vector 1 is always an eigenvector of L with eigenvalue 0:
L1 = (D°VT — A)1 = DOVT1 — DOVT1 =0

In-degree Laplacian matrix Matrix L'N defined as:

LIN — pDIN _ 4T

Weighted digraph

Weighted in-degree

Weighted out-degree

Weighted adjacency
matrix

In/out-degree matrix

Laplacian matrix

In-degree Laplacian

matrix



|Remark. L™ is the out-degree Laplacian of the reverse graph.



2 Averaging systems

Distributed algorithm Given a network of N agents that communicate according to a
(fixed) digraph G (each agent receives messages from its in-neighbors), a distributed
algorithm computes:

:L‘i“rl = stfi($§,{x§}j€NilN) Vie{l,...,N}

where z¥ is the state of agent i at time k and stf; is a local state transition function
that depends on the current input states.

| Remark. Out-neighbors can also be used.

Remark. If all nodes have a self-loop, the notation can be compacted as:

xf"’l — Stfl({x]}]GMIN) or :L'f""l — Stfl({xj}jeNZOUT>

2.1 Discrete-time averaging algorithm

Linear averaging distributed algorithm (in-neighbors) Given the communication digraph
with self-loops G°™™ = (I, E) (i.e., (j,7) € E indicates that j sends messages to i),
a linear averaging distributed algorithm is defined as:

bt = Z a@]xk ie{l,...,N}

JENIN
where a;; > 0 is the weight of the edge (j,7) € E.

Linear time-invariant (LTI) autonomous system By defining a;; = 0 for (j,i) ¢ E,
the formulation becomes:

kH Zaljx ie{l,...,N}

In matrix form, it becomes:
1 — ATXk:
where A is the adjacency matrix of G°™™.

Remark. This model is inconsistent with respect to graph theory as weights
are inverted (i.e., aj; refers to the edge (j,1)).

Linear averaging distributed algorithm (out-neighbors) Given a fixed sensing digraph
with self-loops G = (I, E) (i.e., (i,j) € E indicates that j sends messages to
i), the algorithm is defined as:

k+1
Z aw Z @ijx;

JENZOUT

Distributed
algorithm

Linear averaging
distributed
algorithm
(in-neighbors)
Linear
time-invariant (LTT)

autonomous system

Linear averaging
distributed
algorithm
(out-neighbors)



In matrix form, it becomes:
xFH = AxF

where A is the weighted adjacency matrix of G5".

2.1.1 Stochastic matrices

Row stochastic Given a square matrix A, it is row stochastic if its rows sum to 1:

Al =1

Column stochastic Given a square matrix A, it is column stochastic if its columns sum
to 1:
AT1=1

Doubly stochastic Given a square matrix A, it is doubly stochastic if it is both row and
column stochastic.

Lemma 2.1.1. An adjacency matrix A is doubly stochastic if it is row stochastic and the
graph G associated to it is weight balanced and has positive weights.

Lemma 2.1.2. Given a digraph G with adjacency matrix A, if GG is strongly connected
and aperiodic, and A is row stochastic, its eigenvalues are such that:

e )\ =1 is a simple eigenvalue (i.e., algebraic multiplicity of 1),

e All others p are |pu| < 1.

Remark. For the lemma to hold, it is necessary and sufficient that G contains a globally
reachable node and the subgraph of globally reachable nodes is aperiodic.

2.1.2 Consensus

Theorem 2.1.1 (Discrete-time consensus). Consider a discrete-time averaging system
with digraph G and weighted adjacency matrix A. Assume G strongly connected and
aperiodic, and A row stochastic.

It holds that there exists a left eigenvector w € RY, w > 0 such that the consensus
converges to:

1 1] »
. wlx0 Z]\i w;zY w;
1 k _ . i=1 R 0
m x* =1 T1 ~ |* N - | N L
k=00 w 1 Zj:l wj 1] =t Zj:l wj
where w; = > N — are all normalized and sum to 1 (i.e., they produce a convex combi-
i=j Wi

nation).
Moreover, if A is doubly stochastic, then it holds that the consensus is the average as
w=1:

L
li k:1f§ 0
Foo N £

Example (Metropolis-Hasting weights). Given an undirected unweighted graph G with

Row stochastic

Column stochastic

Doubly stochastic

Discrete-time
consensus



edges of degrees dy,...,d,, Metropolis-Hasting weights are defined as:

m if (4,7) € Eand i # j
L= heni iy @in i i =7
0 otherwise

al-j =

The matrix A of Metropolis-Hasting weights is symmetric and doubly stochastic.

2.2 Discrete-time averaging algorithm over time-varying graphs

2.2.1 Time-varying digraphs

Time-varying digraph Graph G = (I, E(k)) that changes at each iteration k. It can be
described by a sequence {G(k)}i>0.

Jointly strongly connected digraph Time-varying digraph that is asymptotically strongly

connected:
“+o00

Vk>0: U G(7) is strongly connected
=k

Uniformly jointly strongly/B-strongly connected digraph Time-varying digraph that is
strongly connected in B steps:

k+B
Yk >0,dB e N: U G(7) is strongly connected
=Kk

Remark. (Uniformly) jointly strongly connected digraph can be disconnected at some
time steps k.

Averaging distributed algorithm Given a time-varying digraph {G(k)};>0 (always with
self-loops), in- and out-neighbors distributed algorithms can be formulated as:

D

jENiOUT (k)

k k+1
i > ag(k)zf =

JENN(K)

a”(k:)acf

Linear time-varying (LTV) discrete-time system In matrix form, it can be formu-
lated as:

2.2.2 Consensus
Theorem 2.2.1 (Discrete-time consensus over time-varying graphs). Consider a time-

varying discrete-time average system with digraphs {G(k)}xr>o (all with self-loops) and
weighted adjacency matrices {A(k)}r>0. Assume:

e Each non-zero edge weight a;j(k), self-loops included, are larger than a constant
e >0,

e There exists B € N such that {G(k)},>0 is B-strongly connected.

It holds that there exists a vector w € RV, w > 0 such that the consensus converges to:

wlx0

wll

lim x* =1
k—o0

Time-varying
digraph

Jointly strongly
connected digraph

Uniformly jointly
strongly/ B-strongly
connected digraph

Averaging
distributed
algorithm over
time-varying digraph

Linear time-varying
(LTV) discrete-time
system

Discrete-time
consensus over

time-varying graphs



Moreover, if each A(k) is doubly stochastic, it holds that the consensus is the average:
0
khrn xF=1— le

2.3 Continuous-time averaging algorithm

2.3.1 Laplacian dynamics
Network of dynamic systems Network described by the ODEs: Network of dynamic
da(t) = ws(t) Vie{l,...,N} R
with states x; € R, inputs u; € R, and communication following a digraph G.

Laplacian dynamics system Consider a network of dynamic systems where u; is defined Laplacian dynamics
as a proportional controller (i.e., only communicating (4, j) have a non-zero weight): V'™

wi(t) = — Z aij (l“z(t) - xj(t))

jE/\inUT
N
==Yy (wi(t) — 2;0))
j=1

Remark. With this formulation, consensus can be seen as the problem of minimizing

the error defined as the difference between the states of two nodes.

| Remark. A definition with in-neighbors also exists.

Theorem 2.3.1 (Linear time invariant (LTI) continuous-time system). With x =  Linear time

T . . . invariant (LTT)
[xl e acN] , the system can be written in matrix form as: continuous-time

X(t) _ —LX(t) system
where L is the Laplacian associated with the communication digraph G.
Proof. The system is defined as:
N
- (iﬁz‘(t) - ﬂfj(t))
j=1

By rearranging, we have that:

N N
Bi(t) = — | Y ay | wit) + ) aga;(t)
o =

— —deg®"Tai(t) + (Ax(1));
Which in matrix form is:
x(t) = —D°YTx(t) + Ax(t)
—(DOVUT — A)x(t)
By definition, L = DOUT — A. Therefore, we have that:
x(t) = —Lx(t)




Remark. By Theorem 2.3.1, row/column stochasticity is not required for consensus.
Instead, the requirement is for the matrix to be the Laplacian.

2.3.2 Consensus
Lemma 2.3.1. It holds that:

degfUT]  [deg?UT
L1=D°""1-A1=| : |—-| : |=0
deg?T| | deg0UT

Lemma 2.3.2. The Laplacian L of a weighted digraph has an eigenvalue A = 0 and all
the others have strictly positive real part.

Lemma 2.3.3. Given a weighted digraph G with Laplacian L, the following are equiva-
lent:

e (G is weight balanced.

e 1 is a left eigenvector of L: 17L = 0 with eigenvalue 0.

Lemma 2.3.4. If a weighted digraph G is strongly connected, then A = 0 is a simple
eigenvalue of L.

Theorem 2.3.2 (Continuous-time consensus). Consider a continuous-time average system  Continuous-time
with a strongly connected weighted digraph G and Laplacian L. Assume that the system """
follows the Laplacian dynamics x(¢) = —Lx(t) for t > 0.

It holds that there exists a left eigenvector w of L with eigenvalue A = 0 such that the

consensus converges to:
T
_ w' x(0)
Jim x(t) =1 (WT1>

Moreover, if G is weight balanced, then it holds that the consensus is the average:

. Y i(0)
Jim x(t) = 1=5=0—

Remark. The result also holds for unweighted digraphs as 1 is both a left and right
eigenvector of L.

2.A Appendix: Discrete time averaging system consensus proof

RNXN

Positive matrix characterization Given A € , it can be:

Non-negative A > 0. Non-negative matrix
Irreducible Zth_Ol Ah > 0. Irreducible matrix
Primitive Jh € {1, e ,N} . Ah > 0. Primitive matrix
Positive A > 0. Positive matrix

Theorem 2.A.1. Given a weighted digraph G with N > 2 nodes and adjacency matrix
A, it holds that:

e A isirreducible <= G is strongly connected.

e A is primitive <= G is strongly connected and aperiodic.



Theorem 2.A.2 (Gershgorin). For any square matrix A € CV*V it holds that the

spectrum of A (i.e., set of eigenvalues) is contained in the Gershgorin disks:

N N
spec(A) C U seC||s—ail < Z ;]
i=1 J=1,5#i

In other words, it is the union of the disks with center a;; and radius Z;VZI ot lagj].

| Remark. This theorem provides an approximate location of the eigenvalues.

Example. Consider the matrix:

10 1 O 1
02 8 02 02
1 1 2 1
-1 -1 -1 -11

Its eigenvalues are {—10.870,1.906,7.918,10.046}.
The Gershgorin disks are:
‘ 7.918

1.906 10.046

—10.870

Theorem 2.A.3 (Perron-Frobenius). Let A € R¥*Y with N > 2 be a non-negative

matrix. It holds that:

e There exists a real eigenvalue A > 0 that is dominant for all the other eigenvalues

w € spec(A) AN} (e, A > |p|),

e The right eigenvector v € R and left eigenvector w € R associated to A can be

chosen to be non-negative.
If A € RV*N ig irreducible, then:

e The eigenvalue \ is strictly positive (A > 0) and simple.

e The right and left eigenvalues v and w associated to A are unique and positive.

If A € RV*N is primitive, then:

e The eigenvalue A is strictly dominant for all p € spec(A) ~ {A} (i.e., A > |u|).

Lemma 2.A.1. Given a row stochastic matrix A, it holds that:

e )\ =1 is an eigenvalue,

e By Gershgorin Theorem, spec(A) is a subset of the unit disk (i.e., all Gershgorin

disks lie inside the unit disk).

Gershgorin theorem

Perron-Frobenius
theorem



| Corollary 2.A.2. The eigenvalue A = 1 > |u| is dominant.

Lemma 2.A.3. Given a row stochastic and primitive matrix A, by Lemma 2.A.1 and
Perron-Frobenius Theorem it holds that A = 1 is simple and strictly dominant.

Corollary 2.A.4. The consensus averaging system is marginally stable (i.e., converges
but not necessarily to the origin) as the largest distinct eigenvalue is A\ = 1.

Theorem 2.A.4 (Discrete-time consensus). Consider a discrete-time averaging system
with digraph G and weighted adjacency matrix A. Assume G strongly connected and
aperiodic, and A row stochastic.

It holds that there exists a left eigenvector w € RY, w > 0 such that the consensus
converges to:

1 1
7.0 N 0 N
1i k_ W X . Zi:1 w;xT; | Wy 0
im x" =1 7 || S~y o | =~ %
k=00 w 1 Zj:l Wy 1| =1 Zj:l Wy
where w; = —x*— are all normalized and sum to 1 (i.e., they produce a convex combi-

Zi:j wj
nation).
Moreover, if A is doubly stochastic, then it holds that the consensus is the average as
w=1:

N
lim x* =1-— 0
Jim =1 2
=1
Proof (Jordan-form approach). As is G strongly connected and aperiodic, and A is row

stochastic, it holds that:
e By Theorem 2.A.1, A is primitive.

e By Perron-Frobenius Theorem and Lemma 2.A.1, the eigenvalue A = 1 is strictly
dominant and it is associated to the right eigenvector 1 (row stochasticity) and left
eigenvector w.

Consider the non-singular matrix T' € R¥*V defined as:

| | ~ (<W2))TT _
_ W _ T
T=1(1 v? ... vV| = [1 WR} T ! = |V

A change in coordinates defined as:
x—x =T 'x
allows to obtain the Jordan form T !AT:
10
T'AT = |0
: Jy

10

Discrete-time
consensus



with Jo € RIV=DXV=1) Schur (i.e., spec(Js) inside the open unit disk).
The dynamics x**1 = Ax* in the new coordinate system is:

gkl — ikl _op-1 gpgh
k+1

1 0 ... 1 0 ..
_lo <k — |0 %0
Js : Js
Let’s denote: . n
sk —1 k WX Xm
X' =T "x" = = |.
W] =[5
We have that:
10 g
lim %% = lim |0 %0
k—o0 k—o0
- J2
(1 0 ...
<0
= lim [0 %6”
k—oo | . 1
i (J2)*
_ 1-x°
B limkﬁOO(JQ)ki(J)_
B wlx0
a 0
Note that limy_o Jé“ = 0 as it is stable (i.e., all eigenvalues are in the open unit disk
lul < 1).
In the original coordinate system, the limit is:
lim x* = lim T%*
k—o0 k—o0
=T lim %"
k—o0
T 0
=[1 Wz [WOX ] =1(w’x?)
| Remark. It is assumed that ||w| =1 (i.e., no normalization term).

11



3 Containment

Leader-follower network Consider N agents partitioned into Ny followers and N — Ny
leaders.

The state vector can be partitioned as:

where xy € RNs are the followers’ states and x; € RN—N¢ the leaders’.

The Laplacian can also be partitioned as:

Ly Lfl]
I —
o

where Ly is the followers’ Laplacian, L; the leaders’, and Ly, is the part in common.

Assume that leaders and followers run the same Laplacian-based distributed control
law (i.e., a normal averaging system), the system can be formulated as:

) [ef [

Example. Consider a path graph with four nodes:
014243

The nodes 0, 1,2 are followers and 3 is a leader. The system is:

j:l(t) 1 -1 0 0 .CCl(t)
:i?z(t) . -1 2 -1 0 {L‘Q(t)
@) | 0 -1 2| -1 | |a3(0)
i4(t) 0 0 -1]1 z4(t)

3.1 Containment with static leaders

Containment with static leaders Task where leaders are stationary and the goal is to
drive followers within the convex hull enclosing the leaders. Followers can commu-
nicate with agents of any type while leaders do not communicate.

1~

0.5 -

second component

—0.5 | | J
—0.5 0 0.5 1

first component

12
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Containment control law Given Ny followers and N — N leaders, the control law to solve = Containment control
the containment task have: law

e Followers running Laplacian dynamics.
e Leaders being stationary.

The system is:

.%‘Z(t) = — Z aij(wi(t) — xj(t)) Vi € {1, cen ,Nf}

JEN;
ii(t) =0 Vie {N;+1,...,N}
In matrix form, it becomes:
| x(t) = —Lx(t)
ol = B[]

xp(t) = =Lyxs(t) — Lpxy

where L can be seen as the state matrix and Ly, as the input matrix. The input
x; = x;(0) = x;(t) is constant.

Lemma 3.1.1. If the interaction graph GG between leaders and followers is undirected and
connected, then the followers’ Laplacian L is positive definite.

Proof. We need to prove that:
xpLyxy >0 Vxy#0
As @ is undirected, it holds that:
e The complete Laplacian L is symmetric and thus have real-valued eigenvalues.
e By Lemma 2.3.2, all its non-zero eigenvalues are positive.
e By Lemma 2.3.4, as (G is connected, the eigenvalue A = 0 is simple.
Therefore:
e x'Lx > 0 as all eigenvalues are non-negative.
e x'Lx=0 < x=al for a € R, as A = 0 is simple.
The following two arguments can be made:
]T

1. By choosing x = [Xf 0|, it holds that:

L, Lg| |x
[Xf O] [L?fl L];][f]>0 VX

X?Lfo >0 VXf

2. The only case when x” Lx = 0 for x # 0 is with x = a1 for a # 0. As Vxp X # ol,
it holds that VXf 7& 0: X?Lfo 7& 0.

Therefore, Ly is positive definite as Vxy # 0 : X?:L rxg > 0. O

13



Lemma 3.1.2. It holds that xy = —L yxy is globally exponentially stable (i.e., converges
to 0 exponentially).

Proof. As Ly is symmetric and positive definite by Lemma 3.1.1, its eigenvalues are real
and positive. Therefore, —L; have real and negative eigenvalues, which is the condition
of a globally exponentially stable behavior. O

Theorem 3.1.1 (Containment optimality). Given a leader-follower network such that:
e Followers run Laplacian dynamics,
e Leaders are stationary,
e The interaction graph G is fixed, undirected, and connected.

It holds that all followers asymptotically converge to a state (not necessarily the same)
within the convex hull containing the leaders.

Proof. The proof is done in two parts:

Unique globally asymptotically stable equilibrium We want to prove that the follow-
ers’ state x¢(t) converges to some value x¢ g for any initial state. The equilibrium
can be found by solving:

0= —LfXﬁE - Lflxl
where x; = 0 (i.e., reached convergence) and xy g is the equilibrium state.

By Lemma 3.1.1, Ly is positive definite and thus invertible, therefore, we have that:

Xt p = —L;lLlel

Let e(t) = x4(t) — xs g (intuitively, the distance to equilibrium). As the rate of
change of e(t) depends only on x(t) (i.e., &(t) = x¢(t)), we have that:

e(t) = xs(t)
= —Lxs(t) — Lpx
= —Lys(e(t) +xp5) — Lux

— —Lye(t) + LeL:"E7 — Lyl

Lemma 3.1.3. Any equilibrium or trajectory based on an LTI system enjoys the
same stability property of that system.

As Lemma 3.1.2 states that x; = —Lsx, is globally asymptotically stable, by
Lemma 3.1.3, it holds that é(t) = —Lye(t) is also a globally asymptotically stable
system and xy  is the unique globally stable equilibrium of the followers’ dynamics.

Equilibrium within convex hull We want to prove that each element of xy g falls within
the convex hull of the leaders.

For simplicity, let us denote the states vector as xgp = [XﬁE Xl]T and its i-th
component as Tg ;.

The dynamics at convergence of the i-th follower is:

N
0= _Zaij(fL'E,i — l‘EJ') vie{l,... ,Nf}
j=1

14
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Therefore, we have that:

N N
(Z aik) TR = Zaz‘jxﬁ;,j Vie{l,...,N¢}
k=1 j=1

N

s .
$E71227N” xp; Vie{l,...,Ns}
j=1 > k=1 Gik

As > o - define a convex combination (i.e., sum of all of them is 1), each follower’s
k=1 %ik

equilibrium z g ; belongs to the convex hull of all the other agents (both leaders and

followers). As leaders are stationary, they are not affected by this constraint and it

can be concluded that followers’ equilibria fall within the convex hull of the leaders.

O

Remark (Leader-follower containment weakness). The final part of the proof of Theo-
rem 3.1.1 also shows that if there is an adversarial follower that does not change its state,
all others will converge towards it.

3.2 Containment with non-static leaders

Containment with non-static leaders Containment problem where leaders’ dynamics is ~Containment with
a non-zero constant (i.e., they also move): non-static leaders

xp(t) = —Lyxs(t) = Lypa () xp(0) = x|
xi(t) = vo x(0) =x
where vq is the leaders’ velocity.
Theorem 3.2.1 (Containment with non-static leaders non-equilibrium). Naive contain-
ment with non-static leaders does not have an equilibrium.

Proof. Ideally, the equilibria for followers’ and leader’s dynamics are:

0= —Lfo,E - LleZ,E
0= Vo
Let’s define the containment error (can also be seen as the error to reach the followers’

equilibrium) as:
e(t) = Lyx;(t) + Lyxa(t)

Its dynamics depends on the ones of the followers’ and leaders’:
é(t) = Lyxs(t) + Lyxi(t)

= Ly(=Lyxs(t) = Lpx(t)) + Lvo

= —Lfe(t) + LflVO
By inspecting the value of the containment error e(t) when it reaches equilibrium, we have
that:

0=é(t)
— 0= —Lfe(t) + LflV()
= e(t) = L;lLflVO

15



There are two cases:

) 0 if vo =0 (i.e., same case of Theorem 3.1.1)
e =
L;'Lyvy ifvo#0

Therefore, when leaders are non-static, the containment error converges to a non-zero
constant. Thus, followers’ equilibrium is never reached (i.e., they keep moving) and the
containment problem cannot be solved. O

3.3 Containment with non-static leaders and integral action

Containment with non-static leaders and integral action Leader-follower dynamics de-
fined as: ©)
Xf(t) = —Lfo(t) —Llel(t)—i-Uf(t) Xf(O) =Xy
. 0
(1) = Vo x(0) = x;”
where uy(t) is a distributed control action (can be seen as a correction) that processes
the containment error e(t). It is composed of a proportional controller (i.e., value

proportional to the error) and an integral controller (i.e., value proportional to the
integral of the error):

llf(t) :er(t)+K[/0 e(T)dT

where Kp and K are coefficients for the proportional and integral controller, re-
spectively.

By defining a proxy & for the integral of the error (i.e., sort of accumulator) as
follows:

£(t) = e(t)
= Lyx(t) + Lpxi(t)  €(0) = ¢
The control action can be defined as:

us(t) = Kpe(t) + K&(t)

In the simplest case, uy(t) is a pure integral control where K; = —x;I,k; > 0 is
a sparse matrix (e.g., diagonal) and Kp = 0. The overall system can be defined in
matrix form as:

xy(t) Ly —Lp K| [x4(f) 0
)'(‘l(t) = 0 0 0 Xl(t) + [I] vo
£(t) Ly Ly 0] [&(1) 0

Remark. The value of this formulation of the control action for an agent ¢ is:
up,(t) = £1&(t)

It can be seen that it is computable as a distributed system as k; is constant and &;(t) is
based on the Laplacian (i.e., it is sufficient to look up the neighbors’ states).
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Theorem 3.3.1 (Containment with non-static leaders and integral action optimality).
With the integral action, containment with non-static leaders converges to a valid solution.

3.4 Containment with discrete-time

Containment with discrete-time Containment can be discretized using the forward-Euler ~ Containment with
discretization. Its dynamics is defined as: discrete-time

Xi(t) = — Y aij(wi(t) —z;(t) Vie{l,...,Ny}

JEN;
xi(t) =0 Vie {Ny+1,...,N}
And the followers’ states are sampled with a time-step € > 0 while the leaders’ is
constant:
k+1 _
i = xi(t)‘t:(kﬂ)s
k .
=x;te xi(t)|t:ks
= 1—52@2-]- xf—i—eZazjxf Vie{l,...,Ny}
JEN; JEN;
=gk Vie(N;+1,... N}

In matrix form, it can be defined as:
XZH | I—eLy —eLyp XZ
Xl+1 - 0 I X,
3.5 Containment with multivariate states

Containment with multivariate states With multivariate states, it can be shown that the = Containment with
dynamics is described as: multivariate states

x(t) = —L ® I;x(t)

where ® is the Kronecker product (i.e., apply the same matrix across each dimen-
sion).

17



4 Optimization

4.1 Definitions

4.1.1 Unconstrained optimization

Unconstrained optimization Problem of form: Unconstrained
optimization
min /(z)
zER4
where [ : R — R is the cost function and z the decision variables.

Theorem 4.1.1 (First-order necessary condition of optimality). Given a point z* and a  First-order necessary
cost function [ : R? — R such that I € C! in B(z*,¢) (i.e., neighbors of z* within a radius condition of
g), it holds that:

optimality

z" is local minimum = Vi(z*) =0

Theorem 4.1.2 (Second-order necessary condition of optimality). Given a point z* and  Sccond-order

a cost function I : R? — R such that [ € C? in B(z*,¢), it holds that: necessary condition

of optimality

z* is local minimum = V?I(z*) > 0 (i.e., positive semidefinite)

4.1.2 Convexity

Convex set A set Z C R? is convex if it holds that: Convex set

Vza,2B € Z : (Va €1[0,1] : (aza+ (1 —a)zp) € Z)

Z

Convex set Nonconvex set,

Convex function Given a convex set Z C R%, a function | : Z — R is convex if it holds Convex function
that:

Vza, 25 € 2 : (Va €[0,1] : l(aza + (1 — a)zg) < al(za) + (1 — a)l(zB))

18



Remark. Given a differentiable and convex function [ : Z — R, it holds that any
of its points lie above all its tangents:

Vza,zp € Z : l(zp) > 1(z4) + VZ(ZA)T(ZB —7y)

=7 (24, 0(2a))

Strongly convex function Given a convex set Z C RY, a function | : Z — R is strongly
convex with parameter p > 0 if it holds that:

Vza,2p € Z,24 # 21 : <Va €(0,1): l(aza+ (1 —a)zp) <
al(z4) + (1~ 0)i(z) ~ Lol — o) las — zp?)

Intuitively, it is strictly convex and grows as fast as a quadratic function.

Remark. Given a differentiable and p-strongly convex function [ : Z — R, it holds
that any of its points lie above all the paraboloids with curvature determined by u
and tangent to a point of the function:

Vau,zp € Z : 1(zp) > (z4) + Vi(za) (25 — 24) + %HZB — 4|

A geometric interpretation is that strong convexity imposes a quadratic lower-bound
to the function.

Lemma 4.1.1 (Convexity and gradient monotonicity). Given a differentiable and convex
function I, its gradient VI is a monotone operator, which means that it satisfies:

Vza, 25 : (Vi(za) — Vi(zg))" (24 —25) > 0

Lemma 4.1.2 (Strict convexity and gradient monotonicity). Given a differentiable and
strictly convex function [, its gradient VI is a strictly monotone operator, which means
that it satisfies:

Vza,zp : (Vi(za) — Vl(zB))T(zA —zp) >0

Lemma 4.1.3 (Strong convexity and gradient monotonicity). Given a differentiable and
p-strongly convex function [, its gradient VI is a strongly monotone operator, which means
that it satisfies:

Vza,25 ¢ (Vi(za) — Vi(zp))" (24 — 25) > pl|za — 25>

Lipschitz continuity Given a function [, it is Lipschitz continuous with parameter L > 0
if:
Vza,2B : ||l(za) — U(zB)|| < L|jza — 23]
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Remark. Given a differentiable function [ with L-Lipschitz continuous gradient VI,
it holds that any of its points lie below all the paraboloids with curvature determined
by L and tangent to a point of the function:

L
Vza,2p € Z : (zg) < l(za) + Vi(za)T (25 — 24) + EHZB — 24

A geometric interpretation is that Lipschitz continuity of the gradient imposes a
quadratic upper-bound to the function.

Lemma 4.1.4 (Convexity and Lipschitz continuity of gradient). Given a differentiable ~Convexity and
convex function [ with L-Lipschitz continuous gradient VI, its gradient is a co-coercive LITI)S‘T]‘{_T’Z T“““”“‘ty
. . . Ol gradlent
operator, which means that it satisfies: -

Vau 2 (Vi(as) - VZ(ZB))T(ZA _2p) > %HW(ZA) _ Vi(zp)|?

Lemma 4.1.5 (Strong convexity and Lipschitz continuity of gradient). Given a differen- ~ Strong convexity and
tiable p-strongly convex function [ with L-Lipschitz continuous gradient VI, its gradient L}il’““hifz ‘t'“““““m'
. N o . . O gl'ii‘ 1en

is a strongly co-coercive operator, which means that it satisfies: ‘

1
124 —25|* + —— [ Vi(z4) = Vi(zp)]|*

VZA,ZB : <VZ(ZA) —VZ(ZB))T(ZA—ZB) > Iu,uL

+L w+L
S~~~ ~—~—
Y1 V2

4.2 lterative descent methods

Theorem 4.2.1. Given a convex function [, it holds that a local minimum of [ is also
global.

Moreover, in the unconstrained optimization case, the first-order necessary condition of
optimality is sufficient for a global minimum.

Theorem 4.2.2. Given a convex function [, it holds that z* is a global minimum if and
only if Vf(z*) = 0.

0

Iterative descent Given a function [ and an initial guess z", an iterative descent algorithm  Iterative descent

iteratively moves to new points z* such that:

Yk e N: (28 < 1(2Y)

4.2.1 Gradient method

Gradient method Algorithm that given the function ! to minimize and the initial guess Gradient method
z°, computes the update as:

zk+1 — Zk o OékVZ(Zk)
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where o > 0 is the step size and —VI(z*) is the step direction.

Theorem 4.2.3. For a sufficiently small o > 0, the gradient method is an iterative
descent algorithm:

1(z"h) < 1(2Y)

Proof. Consider the first-order Taylor approximation of I(z**1) about z*:

1(z"h = 1(2%) + VI(ZM)T (28 — 2F) + o(||2F T — 2%)))
— 1(z") — o[ VU)|? + o(a)
Therefore, 1(z*+1) < I(z*) for some o*. O
Remark (Step size choice). Possible choices for the step size are: Step size choice

Constant Yk e N: of = a > 0.

Diminishing o* "2, To avoid decreasing the step too much, a typical choice
is an o such that:

o o0
Zak =00 Z(Ozk)Q < 00
k=0 k=0

Line search Algorithmic methods such as the Armijo rule.

Generalized gradient method Gradient method where the update rule is generalized as:  Generalized gradient
method

Zk‘+1 — Zk o OékaVZ<Zk)

where D* € R¥? is uniformly positive definite (i.e., ;1 < D* < §I for some
52 > (51 > 0)

Possible choices for D are:
e Steepest descent: D* = TI.
e Newton’s method: D¥ = (V2[(z*))~!.
e Quasi-Newton method: D* = (H(z*))~!, where H(z") ~ V2i(z").

Gradient method as discrete-time integrator with feedback The gradient method can  Gradient method as
be interpreted as a discrete-time integrator with a feedback loop. This means that —(screte-time

.. integrator with
it is composed of: Y

feedback

k k

Integrator A linear system that defines the update: zFt! = zF — aqu*.

Plant A non-linear (bounded) function whose output is re-injected into the inte-
grator. In this case, it is the gradient: u® = Vi(z"*).

k k
u Jo S N ol
uk = v (2F)
Theorem 4.2.4 (Gradient method convergence). Consider a function [ such that: Gradient method

convergence

e VI is L-Lipschitz continuous,
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e The step size is constant or diminishing.

Let {z"}ren be the (bounded) sequence generated by the gradient method. It holds that
every limit point Z of the sequence {z*},cy is a stationary point (i.e., VI(2) = 0).

In addition, if [ is u-strongly convex and the step size is constant, then the convergence
rate of the sequence {z"}ecn is exponential (also said geometric or linear):

12" — z*|| < Mp"*
where p € (0,1) and M > 0 depends on u, L, and ||z° — z*|.
Proof. We need to prove the two parts of the theorem:

1. We want to prove that any limit point of the sequence generated by the gradient
method is a stationary point.

In other words, by considering the gradient method as an integrator with feedback,
we want to analyze the equilibrium of the system. Assume that the system converges
to some equilibrium zg. To be an equilibrium, it must be that the feedback loop
stopped updating the system (i.e., uf = 0 for k after some threshold) so that:

7Zp — Zp — OzVZ(ZE)

Therefore, an equilibrium point is necessarily a stationary point of [ as it must be
that Vi(zg) = 0.
2. We want to prove that if [ is p-strongly convex and the step size is constant, the
sequence converges exponentially.
| Remark. As [ is convex, its equilibrium is also the global minimum z*.
Consider the following change in coordinates (i.e., a translation):
k

z"— 1z

with z° = zF —zp = 2* — 2*

k

The system in the new coordinates becomes:

ZEtt =28 — qu®
u® = Vi(z")
= VI(z" + 2*)
= Vi(Z" + z") — Vi(z") Vi(z*) = 0, but useful for Lemma 4.1.5
k sk
LN P = 2k aub :

uk = veEF + 2%)

Remark. As [ is strongly convex and its gradient Lipschitz continuous, by
Lemma 4.1.5 it holds that:

—(u")T2" < ||Z"]* — 2@

22



Consider a Lyapunov function V : RY — R>0 defined as:
V(@) = |2
It holds that:
V(@) - v (Eb) = 272 - 128

= [|z" — au®|® — ||Zk||2
= JZH7 - 2a(u!)"'2" + o®|ut|” - 2517
< —2am ||ZF|]? + a(a — 279) |[u®||? Lemma 4.1.5

By choosing a < 279, we have that:

V(z" ) = V(@") < —2am]|z"|®
= R~ 2] < 20 22
= 2" < (1 - 20m) 2"
Finally, as the gradient method is an iterative descent algorithm, it holds that:

12541* < (1= 20m)]|2°)®

IN

< (1 —2am)"|2°|”

Therefore, the sequence {ik treer goes exponentially fast to zero and we have shown
that:

124 — 2*|* < (1 - 20m)"||2” — 2"||?

O]

Remark (Gradient method for a quadratic function). Given the problem of minimizing Gradient method for
a quadratic function: a quadratic function

1
min izTQz +1'z Vi=Qz+r
z
The gradient method can be reduced to an affine linear system:

2"l =28 — a(Qz" + 1)
= (I -aQ)z" —ar

For a sufficiently small o, the matrix (I — aQ) is Schur (ie., Vp,|p| < 1: Y 22 p" =
(1 — p)~1). Therefore, the solution can be computed in closed form as:

k-1
2" = (I — aQ)*z" — aZ(I —aQ)’r

7=0

g (Z(I — aQ)T> r=-Q 'r

7=0
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Remark (Gradient flow). By inverting the integrator and plant of the discrete-time inte- ~ Gradient flow
grator of the gradient method, and considering the continuous-time case, the result is the
gradient flow:

a(t) = —Vi(z(t))

which has a solution if the vector field is Lipschitz continuous.

'Uk :
N T YO ) = —aveee) A2
ARHL gk gk z(t) = y(t)
L v(t) = 2(t) )

4.2.2 Accelerated gradient methods

Heavy-ball method Given 7,° and 17!, the algorithm is defined as: Heavy-ball method
=0+ a1 = ") — Vi)

with aq,as > 0.

Remark. With a; = 0, the algorithm is reduced to the gradient method with step
size ao.

Remark. The algorithm admits a state-space representation as a discrete-time in-
tegrator with a feedback loop:

k Y
v, yk = —qg Vé(vk)

k+1 al —a k _
) =[5 ]+ ]

k

v =[1 0] EA}

1401 —og
1 0

Note that the matrix { ] is row stochastic.

Generalized heavy-ball method Given ¢? and (!, the algorithm is defined as: Generalized
heavy-ball method

¢ =Ftan(¢h = FTY = o VI(CE + as(CF - ¢FTY)

with aq, as, a3 > 0.

Remark. The algorithm admits a state-space representation as a discrete-time in-
tegrator with a feedback loop:

k
v, yk = —a2 VZ(vk)
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4.3 Cost-coupled optimization

Cost-coupled optimization Problem of minimizing N cost functions I; : R¢ — R, each Cost-coupled

local and private to an agent: optimization
N

min » [;(z)

d
zeR im1

4.3.1 Learning paradigms

Federated learning Problem where N agents with their local and private data D’ want Federated learning
to learn a common set of parameters z* based on the same loss function (evaluated
on different data points):

N
mzin Z l(z; DY)
i=1
A centralized parameter server (master) is responsible for aggregating the estimates
of the agents (e.g., pick some nodes and average them).

Distributed learning Federated learning where there is no centralized entity and agents Distributed learning
communicate with their neighbors only.

(a) Federated learning (b) Distributed learning

4.4 Federated learning

4.4.1 Batch gradient method

Batch gradient method Compute the direction for the gradient method by considering Batch gradient
all the losses: method

N
2"l =28 Z Vi (")
i=1
| Remark. Computation in this way can be expensive.

4.4.2 Incremental gradient method

Incremental gradient method At each iteration k, compute the direction by considering [ncremental gradient

the loss of a single agent ik method

2" = 2% — aVi(2")
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Remark. Two possible rules to select the agent at each iteration are:
Cyclic i* =1,2,...,N,1,2,...,N,..., or cyclic in any order (essentially cyclic).

Randomized Draw i* from a uniform distribution.
| Remark. A single gradient is not necessarily a descent direction.

Theorem 4.4.1. If the step size is diminishing, the incremental gradient method
converges.

4.4.3 Stochastic gradient descent
Stochastic gradient descent (SGD) Instance of incremental gradient method where the
selection rule follows an unknown distribution.

The problem can be formulated as:

in Eyy[l(z, W
min Eyy[i(z, W)]

where W is a random variable with possibly an unknown distribution.

It is assumed that, given any realization w of W (e.g., the index of an agent or a
single data point), it is possible to obtain the gradient Vi(z,w) at any query point
z. The optimization step at each iteration is then:

2"t = 28 — aVi(zF, w")

Remark. Monte Carlo approximation can be used to represent the expected value
with a finite sequence of realizations:

1 K
W[l(zv W)] ~ E Zl(z7wk)
k=1

Theorem 4.4.2 (SGD convergence with constant step size). Given a function [ such
that:

e [ is p-strongly convex with L-Lipschitz continuous gradient (i.e., bounded),
e Vi(z,) is an unbiased estimate of V,Ew[l(z, W)],

e |[Vi(z,W)| < My almost surely (i.e., asymptotically with probability 1) for
some My > 0.

With a constant step size a < % 1, it holds that at any time step k:

a2 aM?2
2" - 2*] < (1 — 2u0)* (||z° _2| - V) Loy

21 2u
N——

Error term Residual term

where the error diminishes over time and the residual term is constant.

Theorem 4.4.3 (SGD convergence with diminishing step size). With a diminishing
step size, both the error and the residual converge to 0.

Mini-batch SGD SGD where the update at each time step k is based on a set ZF C
{1,..., N} of realizations of W:

2" =2F — o g Vi(z", w)
i€k
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4.4.4 Adaptive momentum

Adaptive momentum (ADAM) Method based on the first and second momentum of the —Adaptive momentum
gradient: (ADAM)

mFrtl = Blmk +(1- ﬁl)Vl(zk, wk)
VR Z Bovk 4 (1= By) (W(zk,wk))2

where 1, B2 € (0,1) are hyperparameters.

The descent direction is defined as:

. 1 1
"~ k+1 k+1

= —— 1IN S —
k+1 k+1
1 - 1 1 - 2

dF =

- VYV te
The update is performed as:
2"t =28 4 ad”

4.5 Distributed cost-coupled/consensus optimization

Distributed cost-coupled optimization Optimization problem with N agents that com- Distributed
municate according to a graph GG aiming at learning a common set of parameters z cost-coupled
such that:

optimization
N
min li(z
z€Z “ Z( )
=1
where:

e Each agent i knows its loss I; (based on its available data) and the parameter
space Z,
k

o At each time step k, each agent ¢ estimates a set of parameters z;.

Remark. Using as direction the sum of the gradients of all agents is not possible as not
everyone can communicate with everyone.

4.5.1 Distributed gradient algorithm

Distributed gradient algorithm Method that estimates a (more precise) set of parameters — Distributed gradient
as a weighted sum of those of its neighbors’ (self-loop included): algorithm

k+1 __ Sk
v, = E QijZ;
JEN;
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Then, the update step is performed using Vf“ and the agent’s own local loss [;:
Zéﬂ-‘rl _ Vf+1 _ OékVZj(Vf+1)
= Z aijz? — aleZ Z aijzé?
JEN; JEN;
Theorem 4.5.1 (Distributed gradient algorithm convergence). Assume that:

e The matrix A associated to the undirected and connected communication graph G
is doubly stochastic and such that a;; > 0,

e The step size is diminishing,

e Each [; is convex, has gradients bounded by a scalar C; > 0, and there exists at least
one optimal solution.

Then, the sequence of local solutions {zf}keN of each agent i produced using the dis-
tributed gradient algorithm converges to a common optimal solution z*:

lim ||z¥ —z*|| =0
k—o0

Distributed projected subgradient algorithm Distributed gradient algorithm extended to
the case where [; are non-smooth convex functions and z is constrained to a closed
convex set Z C R?. The distributed step is the following:

k+1 _ ok
v, —E aijZ;

JEN;
zf“ =Py (vi-chl — ak@li(viﬁl))

where Pz(-) is the Euclidean projection onto Z and Vi; is a subgradient of I;.

Theorem 4.5.2 (Distributed projected subgradient algorithm convergence). Assume
that:

e The adjacency matrix A associated to G is doubly stochastic and a;; > 0,
e The step size is diminishing,

e Each [; is convex, has subgradients bounded by a scalar C; > 0, and there exists at
least one optimal solution.

Then, each agent converges to an optimal solution z*.

Theorem 4.5.3. The distributed gradient algorithm does not converge with a constant
step size.

Proof idea. We want to check whether the optimum z* with a constant step size « is an
equilibrium:

N N
z¥ = E a;jz" — aVl; g a;jz”"
=1 j=1

* * A doubly stochastic
=z" —aVli(z
v Z( ) and z* constant
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In general, VI;(z*) # 0 (z* is the optimum for the whole problem, but I/; depends on the
subset of data available to the agent). Therefore, z* is not an equilibrium. O

4.5.2 Gradient tracking algorithm

Dynamic average consensus Consensus algorithm where each agent measures a signal rf
and wants to estimate the average signal of all agents:

1 N
i=1

The average signal estimated by an agent is represented by a state sf and we want

that limg o ||s¥ — 78| = 0. This can be achieved using a perturbed consensus
algorithm:
k+1 _ k+1l _  k
S; —Z%S + (T =)
JEN:
—_—— —— ——
Consensus Innovation
where:

e The consensus term converges to the states average.
e The local innovation allows converging to the common signal.

Theorem 4.5.4 (Dynamic average consensus convergence). If the first-order differ-
ences are bounded (i.e., |[r*™ — 7¥|| < Cy), then the tracking error is bounded by
some Cy > 0:

lim ||s¥ — 7| < Cy

k—o00

Moreover, the error is zeroed if the signal becomes constant after some time k (i.e.,
k1l _ ok
7 rill = 0).

Gradient tracking algorithm Method that chooses the local descent direction attempting
to asymptotically track the true gradient:

df — ——th z¥)

k—o0

By using dynamic average consensus, we consider as signal the local gradient:
= Vii(z)

Then, the estimate of the average signal (i.e., gradient) is given by:

S =S ayst o+ (Vi) - Vi) s) = Vii(a))
JEN;

The update step is then performed as:

kl
+ Zawj—asi

JjEN;

Theorem 4.5.5 (Gradient tracking algorithm optimality). If:

e A is the adjacency matrix of an undirected and connected communication
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graph G such that it is doubly stochastic and a;; > 0.

e Each cost function I; is u-strongly convex and its gradient L-Lipschitz contin-
uous.

Then, there exists o > 0 such that, for any choice of the step size a € (0,a*), the
sequence of local solutions {z¥} ey of each agent generated by the gradient tracking
algorithm asymptotically converges to a consensual optimal solution z*:

lim ||z¥ —z*| =0
k—o00
Moreover, the convergence rate is linear and stability is exponential:
e (0,1): [l2F — 27| < pllaht — 2| A pllabt — 2| < pH2? — 27|

Remark. It can be shown that gradient tracking also works with non-convex opti-
mization and, under the correct assumptions, converges to a stationary point.

4.A Appendix: Gradient tracking optimality and stability proof

Theorem 4.A.1 (Gradient tracking algorithm optimality). If:

e A is the adjacency matrix of an undirected and connected communication graph G
such that it is doubly stochastic and a;; > 0.

e Each cost function [; is p-strongly convex and its gradient L-Lipschitz continuous.

Then, there exists a* > 0 such that, for any choice of the step size a € (0, a*), the sequence
of local solutions {Zf}keN of each agent generated by the gradient tracking algorithm
asymptotically converges to a consensual optimal solution z*:

lim ||z¥ —z*|| =0
k—00
Moreover, the convergence rate is linear and stability is exponential:

Spe (0,1): |l2F — 27| < pllzh — 2| A pll2bt! — 2| < M2 — 7|

Proof. Consider the gradient tracking algorithm written in matrix form:
2 — AZF _ ask
sFt = Ask + (V1(zF 1) — VI(zh))
where V1(z*) = [l1(z}) ... In(2h)].
Equilibrium We want to find the equilibrium points (zcq, Seq) that satisfies:
Seq = ASeq + VI(Zeq) — VI(Zeq) <= (I — A)Seq =0
Zeq = AZeq — OSeq = (I — A)zeq = —aSeq

It must be that:
o s € ker(I — A) = {15 | p1 € R} (as A is doubly stochastic).

o (I —A)zeq =—0al1f;. As 1(—af) € ker(I — A), it must be that 81 = 0 (as
the image cannot be mapped into the kernel).
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Therefore, we end up with:
Seq = 151 =0
Zeq = AZeq — 00 =152 i.e., eigenvector of A
In addition, by pre-multiplying the equation of s by 17, we obtain:
17sH =17 Ask + 17V1(z")) — 1TVI(2F)
=1Ts" + 17V1(z") — 1T V1(2")
Which shows the following invariance condition:
1Tsk+1 _ 1Tv1(zk+1) — 1Tsk _ 1Tv1(zk‘)
= 17seq — 17 V1(zeq)
=178 —17V1(2")
Thus, we have that:
17seq — 17 V1(2eq) = 178" — 17V1(2°)
— 0-1TVI1(153,) =0
Then, it must be that z.q = 132 is an optimum with 8y = 2*.

Stability Apply the following change in coordinates:

zF . z" _ zF — 12*
&k & [€F —avi(12Y)
So that the equilibrium of the system is shifted to 0.

Then, exploit strong convexity to re-formulate the overall system in such a way that
the Lyapunov theorem can be applied to prove exponential stability.
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5 Formation control

5.1 Intuition with mass-spring systems
Mass-spring system System of N masses where each mass i has a position z; € R and = Mass-spring system
is connected through a spring to mass ¢ — 1 and 7 + 1. Each spring has an elastic

constant a;; = a;; > 0.

m; 41

@i—1,i |:| @i i1 |:|

The elastic force F¢ ;(x) at mass i is given by:
Fei(x) = —a;i—1(xi — xi—1) — @iis1(Ti — Tig1)

Equivalently, it is possible to express the elastic force as the negative gradient of the
elastic potential energy:

o (1 1
Fei(x) = —5— <2ai,i—1‘|xi =il + Saii e - ﬂfz‘+1||2>
(2

Mass-spring system with two springs Assume that the springs of a mass-spring system Mass-spring system

can be split with halved elastic constants. with two springs

mi—1 301 m; 30it1 Mit1
%”r 1,i %"1,1\1
Accordingly, the elastic force can be defined as:
1 1 1 1
Fe,z'(X) = *5%,1‘—1(% - $i—1) - iai—l,i(l’i - Ii—l) - iai,i-&-l(xi - l’i+1) - §Gi+1,z‘($i - l’z‘+1)
0 (la;i la;—1; la; it la+1,
= or, <2 z’; l2; — zia|* + 5%”% —zia*+ 5%”% — x|+ 5%”% — x|
1
0 la;;—1 laj_1; la;t1 lajiqi;
= " (2 Sl = wia P 4 5= i -l + 5%”%‘ — @i ? + 5%“%“ — |
K3

The total potential energy (i.e., sum of the function in the derivative over all masses)
can be compactly defined as:

N
1ai7-
V) =) 5o 7 = 2]

i=1 jEN;

N
-L ¥ vt

i=1 jEN;

where N; = {i — 1,i+ 1}.

1 ai,j
2 2

Vij(@i, ;) = i — a2
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Then, the potential energy at mass ¢ can be written as:

Vi(x) = Y (Vij(i,z)) + Vi, 1)
JEN;

Finally, the elastic force at mass ¢ can be reformulated as:

0
PEJ(X)::'_Ei£f<téj—1(xi7xi—1)4“6—1¢($i—1;$i)4“€¢+1<$i#ﬁ¢+1)4“Q+1J($i+173%>>

0
= o > Viglai o)) + Vi, 21))
L \JEN;

4. Vi
8.731'

B 8.%

Remark. The system can be generalized to a graph of interconnected masses.

g -
g
ma2

By adding a constant damping coefficient (i.e., dispersion of velocity) ¢ = 1, the
overall system dynamics can be defined as:

ii = V;

0 0
8.%1‘ V(X) A 8xz~

V(x)

mﬂ)i = —U; — C

where m; is the mass of the i-th mass.

By assuming small masses m;, the following approximation can be made:

, 0 0
mil;, = —v; — 8%V(X) = v & —6%V(X)
CE.Z' = ailV(X) = Feﬂ‘(X)

By more explicitly expanding the dynamics of the i-th mass, we have that:
) 0
== %O/E,j(%%) + Vj,i(%%))
. (2
JEN;
1 a;, o 1aj, 2
2 ( i =y + 5 Ny~ il

1
- Z < aW j) - §aj7i($j - xz)) ai,; = aj,; (G undirected)

JEN;
JEN;

= — E Qg j (xl — l’j) i.e., Laplacian dynamics
JEN;
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Therefore, the overall system follows a Laplacian dynamics and can be equivalently
formulated as the gradient flow of V:

x=—Lx=-VV(x)

T awlv( x)
N 7=V (x)

And consensus is reached at a stationary point of V(x).

5.2 Formation control based on potential functions

Remark. The gradient flow based on the global potential function/energy can be com-
puted in a distributed way (i.e., it depends only on neighboring states):

0
Bi(t) == %(Vi,j(ﬂfiaxj) + Vj,i(%‘;%))
jen;

Formation control Consider N agents with states x;(t) € R? and communicating accord- ~ Formation control
ing to a fixed undirected graph G. The goal is to position each agent respecting the
desired distances d;; = d;; between them:

V(i j) € B : e — x| = d

To solve the problem, the potential function can be defined as:

Vform § E : Vform X,L,Xj

i=1 jeN;

Trm 1 2
V£-° (xi,x;) = ] (||Xi - Xj||2 - d?j)

where % is used to cancel out the coefficients when deriving.

The gradient flow dynamics is then:

ki=—

O (Vi i)+ VI gy

P ox;
== (Ixi = xjlI* = ) (xi — x;)
JEN;

Remark. Apart from the desired formation, another equilibrium of this dynamics
isxy =x9=---=2xn (i.e., a collision).
Collision avoidance potential function/Barrier function Function V5"(x;,x;) such that: ~ Collision avoidance

potential
an(X' X') = 400 function/Barrier
19 = . .
[[x¢i—x; || —0 t J function

Remark. A possible barrier function is:

Vit (xi, %) = —log(||xi — x;* — d?)
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| where d is the safety distance.

Formation control with obstacle avoidance Formation control where agents avoid colli- Formation control
sions and obstacles. The dynamics is: b
0

%i= g (Vo) + Ve () + V()

avoidance

where:
o VR(x) = YN, >ojen; Vit (xi,x;) and V5*(x;,x;) is the barrier function to
avoid collisions between agents.

o VoPS(x) = Zfi L VPP (x;) and V°P5(x;) is the barrier function to avoid collisions
between an agent and an obstacle.
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6 Cooperative robotics

Cooperative robotics Problem where N agents want to optimize their positions z; € R?
to perform multi-robot surveillance in an environment with:

e A static target to protect ro € R2.
e Static intruders/opponents r; € R?, each assigned to the respective agent i.

The average position of the agents define the barycenter:

L
o(z) = N Zzi
i=1

The local cost function of agent i is:

li(zi,0(2)) =% |lzi —vil> +  |lo(z) —xo”
S—— ———r

close to opponent  barycenter close to target

Note that the opponent component only depends on local variables while the target
component needs global information.

| Remark. The barycenter o(z) : R?Y — R? can be seen as an aggregation function.

Remark. A scenario that this formulation fails to handle is when the agents are
placed symmetrically and moves symmetrically as the barycenter remains the same
even if the agents move farther away.

6.1 Aggregative optimization

Aggregative optimization Problem defined as:

Z1,..ZN

N
min Zli(zi, o(z))
i=1
where:
e z=(z1,...,2y) with z; € R™,
e [; :R™ x R* — R is the loss function of the agent i,
e o(z) is an aggregation function generically defined as o(z) = + ZZ]\L | ¢i(zi), for
some ¢; : R" — R?

Distributed aggregative optimization Distributed case of aggregative optimization where
each agent has only access to the loss I;, the operator of the aggregation function ¢;,
and the position z; of itself and its neighbors.

| Remark. The goal of the task is not to reach consensus among agents.
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6.1.1 Centralized gradient method

Centralized gradient method (scalar) Consider N agents with z; € R and o : RV — R, Centralized gradient
The update step, assuming global access to the parameters, can be performed as: method (scalar)

0
Zi”—lzzf—a? le(zj,a(zl,...,zN))
Zq —
J= Zj:z;.“
By expanding the derivative, we have that:
P N
o > liz,0(21,. . 2w))
J=1 zj=2P
N
0 0 0
_ 8Zzz(zi,a) e T Z (E)(jzj(zj,a)) et a—%a(zl, 2N .
o=0(z") j=1 o=0o(z* T

Centralized gradient method (vector) Generalized to the vector case, the update step Centralized gradient

becomes: method (vector)

N

zf“ = z? —a |V le(zjao'(zla-'sz))
=1
J ZjZZ? (’L)

And the gradient can be expanded as:

N
VD Uiz, 0z, 2w))
j=1

Jp—
7% (i)

N

1
= Vili(2i,0)| 4, + Y Vigli(z5,0) Véi(z)

. ~ . gk

o=o(z*) j=1 z=7; z; =2}

o=0(z")
where V[, )li(z;, o) is the gradient w.r.t. the first argument and V,1l;(z;, o) is w.r.t.
the second one.

6.1.2 Aggregative tracking distributed optimization algorithm

Aggregative tracking distributed optimization algorithm Algorithm where each agent ¢  Aggregative tracking
has: distributed
. optimization
e An estimate z; of its optimal position z], algorithm

e An estimate s¥ of the aggregation function o(z*) = + Zj\;l qﬁj(zé‘?),

e An estimate vf of the gradient with respect to the second argument of the loss
1 N
~ 2im1 Vo li (25, o(2")).
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The step is based on the centralized gradient method using the local estimates:

Z?J’_l :Zf—&(V[z}l ( 17 z)+vkv¢l( )) Z? eRni
k+1 Z a”L]SJ =+ (‘bz k+1 (Zf)) S? = ¢1(Z?)
JEN;
k+1 Z awv + (V k+1 k+1’ f+1) V[sk] ( z;, f)) —V[So]l( i ?)
JEN;

where the estimates s,’f and v,’f are obtained through dynamic average consensus
(Section 4.5.2).

k+1

|Remark. v is a double approximation as it uses s/ ™' and s¥ instead of the real o.

Theorem 6.1.1 (Aggregative tracking distributed optimization algorithm conver-

gence). If:

e The communication digraph G is strongly connected and aperiodic, and A is
doubly stochastic,

o Zf\;l li(+,0(+)) strongly convex with ¢;(-) differentiable and Lipschitz continu-
ous.

o Vigli(+,+), Vigli(+,+), and V;(-)V5)li(+, ) are Lipschitz continuous.

Then, there exists an o* such that, for any step size a € (0,a*), the sequences of
local estimates {ziC sy z’f\,}keN generated using the aggregative tracking distributed
optimization algorithm converge to the optimal solution at a linear rate:

lim ||z — zf| =0
k—o00

6.1.3 Online aggregative optimization
Online aggregative optimization Time-varying case of aggregative optimization where Online aggregative

intruders also move. The problem can be defined as: optimization

Zl zi,0"(z)) subject to z; € Zf

z= (Z17 Z
where Zf is a closed convex set.

Remark. As intruders are dynamic, the optimum of each agent zf’* changes over
time.

Projected aggregative tracking Algorithm for online aggregative optimization defined as:  Projected

aggregative tracking
~ k k
Z§:PZf[Z'_a(v[z}l(zv z)+vv¢1(z)>}

Zith =g L 5(ah - 2F) z) € R™
SE =Y ays) + (o (@) - ol ) S0 = 0u(2))
JEN;
k+1 Z CLZ]V + (V k 1]lf+1( erl, ichl) V[ k]lk( f, f)) V? = V[ Jl (Z?,S?)
JEN;

where P,y is the Euclidean projection and ¢ € (0,1) is a hyperparameter.
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7 Safety controllers

Control-affine non-linear dynamical system System whose dynamics follows: Control-affine
non-linear dynamical
x(t) = f(x(t)) + g(x(t))u(t) x(0) =xo s

with x(¢) € R?, u(t) € U C R™, f(x(t)) € R", and g(x(t)) € R™*™,

f(x(t)) can be seen as the drift of the system and u(t) as a coefficient that controls
how much g(x(t)) is injected into f(x(t)).

The overall system can be interpreted as composed of:

e A high-level controller that produces the direction u™f(x) towards the target
position.

o A safety layer that modifies u™(x) into u(t) = k(x) to account for obstacles.

Safety control Given a (sufficiently regular) function V*: X C R™ — R, it is possible to  Safety control
define a safe state set as:

Xf={xeX CR"|Vx) >0}

The goal is to design a feedback control law x° : X — R"™ for a control-affine non-
linear dynamical system such that the set X is forward invariant (i.e., any trajectory
starting in X® remains in X¥).

Remark. The time derivative of V*(x(t)) along the system trajectories is given by:

= UV (x(t))" (F(x(1)) + glx(D))u(t))
= V()T F(x(8) + D (VY () gn (x(2)un(D))

h=1
= LyV3(x(t)) + LgV*(x(t))u(t)

where Ly V*(x(t)) = VV*(x(t))Th(x(t)) is the lie derivative.

Control barrier function (CBF) A function V* is a control barrier function if there exists ~ Control barricr
a continuous strictly increasing function v : R — R with ~(0) = 0 such that the mction (CBF)
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following inequality (control barrier certificate) holds:

ilelg{LfVS(x) + LVix)u+y(Vi(x))} >0 vxeX

~ can be interpreted as a degree of movement freedom since, as long as it holds that
Ve(x(t)) > 0, it is allowed that %Vs(x(t)) < 0 (i.e., the agent can move closer to
the border between safe and unsafe region).

Remark. In principle, the negative part of 7 is not necessary (the agent should
start in a safe area). However, as it is strictly increasing, it allows to move out the
unsafe region if the agent ever ends up there.

Example. A simple choice for v is a linear function y(r) = vr with v > 0.

Set of admissible safe controllers The set of inputs that satisfy the control barrier cer-
tificate for a given state x is:

Us(x) ={ueU|L;fVx)+ LVi(x)u+~(V3(x)) >0}

7.1 Safety filter via control barrier certificate

Safety filter via control barrier certificate Given a possibly unsafe reference input (from
the high-level controller) u**!(x) € R™, the safety controller (i.e., rectifying con-
troller) based on the control barrier certificate is designed to be minimally invasive
(i.e., alter the reference as little as possible).

The policy u = k*(x) can be defined as:
s _ . _ref 2
(%) = argmin [ — wl(x)|

subject to — L;V*(x) — LyV*(x)u —y(V3(x)) <0

| Remark. In the general case, this problem should be solved at each ¢ > 0.

Single integrator model Control-affine non-linear dynamical system where f(x(t)) = 0
and g(x(t)) = I. The dynamics is:

x=0+Tu
=u
with x € R? and u € R
Remark. In the case of single integrators, we have that:
o L;V3(x)=VVix)T0=0,
o L,Vi(x)=VVix)TI=vVsx)T.
Therefore:

Lys(x(t)) = LiV(x(t)) + LoV (x(8)u(t)

dt
= VV*(x(t)) " u(t)
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7.1.1 Single-robot obstacle avoidance with single integrator models

Single-robot obstacle avoidance Task where the goal is to keep an agent to a safety Single-robot obstacle
distance A > 0 from an obstacle. avoidance

Vi(z) >0

A control barrier function to solve the task (i.e., rectify the trajectory of the high
level controller) can be:

Vix) = |x — xobs||2 — A? VV?(x) = 2(X — Xobs)

The CBF-based safety policy x*(x) can be obtained by solving:
: _ qqref 2
arg min [u — u™=(x)|

subject to — 2(x — Xobs)Tu —(x - Xobs”2 - A2) <0

As there are two constants in the constraint a = —2(X — Xgps)? and b = (||x —
Xobs||? — A2), the problem can be reformulated as:

arg Hli[IJl Ju—u(x)||? subject to aTu+b<0
uc

Remark. If U is a polytope (or unconstrained: U = RY), the problem becomes a
quadratic program.

7.1.2 Multi-robot collision avoidance with single integrator models

Multi-robot collision avoidance Task with N single integrator agents that want to keep =~ Multi-robot collision
a safety distance A > 0 among them. avoidance

Agent 4

V(@i @) >0
Vig(@i,mn) > 0

The local control barrier function to solve the task can be defined as:

Vi Vi (xi, %) = 2(x; — X;
ij(xi,xj) = sz —Xj||2 _ A2 [x4] ;3( i g) ( ])

5]
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The safe region X; for agent ¢ can be defined as:

Xi={xeR|VjeN;: V(x) >0}

The set of admissible controllers is:
U(x) = {u € RN | =V Vi (x5, %5) T3 — Vi Vi (35, %) Ty =y (Vi (x4, %)) < 0
Vj e N, Vi€ {1,...,N}}

= {u e R | —2(x; — xj) wy — 2(x; — x3)Tuj — (Vi (xi,%;)) <0 Vj € N, Vi € {1,... ,N}}

Centralized safety controller The CBF-based policy can be obtained by solving: Centralized safety

controller
N
arg min Z u; — utf||?
e i D |

subject to — 2(x; — x;) w; — 2(x; — x;)Tu; — Y(Vi5(xi,%5)) <0

max
7

VjeN;,Vie{l,...,N}

Juill < u

ref

where u;® is the reference input of the high level controller and u;*** is the bound.

| Remark. The policy should be computed continuously for each x;(t).

Decentralized safety controller The CBF-based policy can be obtained by solving a more  Decentralized safety
constrained problem compared to the centralized formulation: controller

arg min ||u; — w2
g iy s — u|

1
subject to — V[xi]Vij(xi,xj)Tui — 57(1/;3?(&,)(]-)) <0

|| < ui™™

Vi e N;
Remark. If Vi € {1,...,N} : V[xi]VL’;(Xi,X]‘)TUi > %’y(Vi;(xi,xj)), then it holds
that:

S S S 1 S
Vi Vi (%0, %5) T3 + Vi Vi (x5, %) Tuy > == (Vi (%, %)) — 37 (Vii(x4,%4))

> = (Vij(xi,%;))

7.1.3 Multi-robot collision avoidance with unicycle control

Unicycle model with non-holonomic constraints Model that captures the constraints given
by wheels. Its dynamics is:

p, = vcos(h)
p, = vsin(0)
0=w

where:
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(P, P,) is the position of the center of mass,

0 is the orientation,

v is the linear velocity,

w is the angular velocity.

w
Yo
L |
o Lo

| Remark. It is assumed that the robot does not drift sideways (v; = 0).

Single integrator to unicycle control mapping Consider a point x™ longitudinal to v Single integrator to
that is not the barycenter: unicycle control
e _ [P2] . [eos(®)
P, sin(0)

where p > 0 is the distance to the barycenter.

mapping

By differentiating w.r.t. time, the dynamics is:

-]

Yy

By using the unicycle model dynamics, it becomes:
snt _ cos(d) —psin(0)| [v
sin(f) pcos(d) | |w

0=w

By formulating v and w as a state-feedback control with input u'™ € R? as:

o] [ cos(®)  sin0) |
-] Jo

1. 1
w - sin(6) ;cos(@)

t int

The result is a single-integrator x™* = g(x)u

A choice of u can be:
umt — k:(xlm . Xdest) + )-cdest
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8 Feedback optimization

Feedback optimization Consider a continuous-time non-linear dynamical system:
x(t) = f(x(t),u(t)) x(0) = x0

Assume that there exists a steady-state map h : R™ — R™ (i.e., sort of oracle) that
given the input u returns the equilibrium state x associated to it:

f(h(w),1) =0

Moreover, it is assumed that, for any u € R™, x = h(u) is a globally exponentially
stable equilibrium for the system f(x(t),a).

The goal of feedback optimization is to design a dynamic feedback law u(t) =
k(x(t),t) such that u(t) and x(¢) converge to the solution of the problem:

i l
eriutan )
subject to z = h(u)

where h is not explicitly available and the control law can only access the current
state x(t) (Vh can however be used).

Reduced feedback optimization problem By injecting the constraint of the feedback op-
timization problem into the cost function, the problem becomes unconstrained:

min [(h(u))

ueR™
and can be solved using the gradient flow:
u(t) = —0Vh(u(t))Vi(h(u(t)))

where § is a hyperparameter (note that it is not the step size as it is not needed in
continuous time).

i = —5Vh(u) V()

A

| Remark. By assumption, A is not available.
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8.1 Centralized feedback optimization

Feedback optimization based on time-scale separation Gradient flow of the reduced feed- Iecdback
back optimization problem where the steady-state h(u(t)) is approximated with the —©Ptmization based

on time-scale
current state x(t).

separation

A

= —8Vh(u)VL(z)

Intuitively, with § > 0 sufficiently small, we are creating a time-scale separation
(i.e., dynamics working on different time-scales) between plant and optimization
dynamics:

e The plant x(¢) is a fast dynamics that tracks h(u(t)) (i.e., the equilibrium for
the current u) so that VI(x(t)) =~ VI(h(u(t))) for the optimization dynamics.

e The optimization dynamics is a slow dynamics that changes the input, thus
refining the equilibrium that minimizes the loss.

Remark (Time-scale separation theory). Method to analyze a dynamical system
by identifying a slow and fast dynamics, and studying them separately. Auxiliary
systems are introduced:

Boundary-layer system with u constant to model the fast system. It is exponen-
tially stable by assumption and can be associated with the Lyapunov function
U(x).

Reduced system with the gradient flow without the state x to model the slow
system. It can be shown that it is asymptotically stable with the Lyapunov
function W (u).

The stability of the whole dynamics is studied by using U + W as Lyapunov function
and a sufficiently small §.

Fast system: plant dynamics .

u " z = f(z,u) I ¢ z = h(u)
e O L B S
e ey Q=0 @ = —0Vh(u)VE(x)

U = —06Vh(u)VE(x)

Boundary-layer system Reduced system

Theorem 8.1.1 (Feedback optimization based on time-scale separation convergence).
Consider a closed-loop system and assume that:

e X = h(u) is a globally exponentially stable equilibrium,
e [(h(-)) is radially unbounded and possibly non-convex,

e VI(h()), Vi, h, and f are Lipschitz continuous.
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It holds that, for a sufficiently small 6 > 0, the trajectory (x(t), u(t)) of the system satisfies:

s (] o 2]) -

where dist is the set distance and U* is the set of stationary points of I(h(-)).

8.2 Distributed feedback optimization
Distributed feedback optimization Network of N agents each with dynamics: Distributed feedback

optimization
%;(t) = fi(xi(t), w(t))

The goal is to design a control law u;(t) = k;({x;(t) }jen;, t) such that ui(¢),. .., un(t)

and x1(t),...,xy(t) converge to the solution of the problem:
min l (zi,0
(U1, JJN)

subject to z; = h;(u;)

where o(z) = & Zl]\i 1 ¢i(z;) is an aggregation function.
Reduced distributed feedback optimization By injecting the constraint into the cost func- Reduced distributed

. feedback
tion, the problem becomes: eedback -
optimization

min Zz (h(u)))

ulv 7uN

and can be solved using the parallel gradient flow:

N
u; = —01Vhi(w) (v[hi(u¢)]li(hi(ui)aU(h(u))) + (Z v[a(h(u))]lj(hj(uj)vU(h(u)))> Jbv@(hi(ui)))

where §; > 0 is a hyperparameter.

Remark. This formulation uses h which is not available and requires global infor-
mation.

Aggregative tracking feedback Use x; to approximate h;(u;) and dynamic average con-  Aggregative tracking
sensus for the aggregation function. The dynamics is: feedbac

w; = —61Vhi(w) (V[xi]li(xi, 0i (%) +Wi) + (Vg () w1 (%6, §i (%) 4+ Wi) + v V%(&'))
JoWw,; = — Z a;j(w; —wj) — Z aij(Pi(xi) — di(x;))

jE/\/ ]GM
0oV = — Z aij(vi —vj) — Z @i (Vg o) twilli (Xis 91 (%) + Wi) = Vg ) 1wl (X5, 95(%5) + w;))
JEN; JEN;

where §1 > 0 is used to slow down 1; and o > 0 to speed up w; and v;.

Remark. The formulation for dynamic average consensus is for the continuous case
with the Laplacian.
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Remark. The overall system works on three time-scales.

Optimization-oriented scheme - Slow system

@ = —61Vh(u) (Gi(z, §(2) + w) + Vo(z)(G2(z, (=) + w) +v))

Plant dynamics - Mid system

z = f(z,u) .

Consensus-oriented scheme - Fast system

e G- B 9 otem)—

Theorem 8.2.1 (Aggregative tracking feedback convergence). If:

e The aggregative tracking feedback algorithm is initialized so
3oLy co1(wi(0), vi(0)) =0,

G is strongly connected and weight balanced,

x; = hi(1;) is globally exponentially stable,

Efi 1 Li(hi(+),o(h(-))) is radially unbounded and possibly non-convex,

® Vjli, ¢i, and h; are Lipschitz continuous.

Then, for small §; > 0 and Jo > 0, the trajectory of the system satisfies:

i ([0 [0, )~

where U* is the set of stationary points of sz\il Li(hi(+),a(h(-)))-
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9 Neural networks

Supervised learning Given M data-label samples {(D',p!), ..., (DM, pM)}, the goal is to
approximate the mapping through a non-linear function ¢(-;u) parametrized on u.

Neuron model Computational unit composed of a set of weights u € R? (Rd+1 if with
bias) that, given an input x € R%, computes:

+

2t =o(xTu+w)

where o : R — R is an activation function.

Remark. The bias can be easily added by considering as weights [ub u]T and as
input [1 X]T
Multi-layer perceptron Network with T layers each (for simplicity) with d neurons where

the h-th unit at layer ¢ has weights uy,; € R?. The update at each neuron is defined
as:

T i
Thit+l = o(x; uh,t) xpo = Dp,

In matrix form, it becomes:

T1t+1 U(XtTul,t)
Tat1 o(x{ ugy)
ug ¢
. d2
xp11 = f(xp, ) w=|: [ €R
Ug ¢

9.1 Training problem definition

Single sample training Task of finding u = (ug,...,ur_1) such that at the last layer
t = T the prediction is as accurate as possible:

lxr —pll <&

By using forward simulation of the dynamics x;41 = f(x¢,u¢), we can obtain the
output of the last layer as:

x7 = ¢(x0;u) = ¢(D;u)

where ¢ is called shooting map and it passes the data sample through the layers
(from a deep learning point-of-view, it represents the composition of function).

The best weights u* can be obtained by solving:
minl(xr; p) = minl(¢(D; u); p)

where [ is the loss.
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Remark. In optimal control, the learning problem is a reduced/condensed problem
and the algorithm to solve it is a direct single shooting.

By defining;:
J(a) = (¢(D;u);p)
The reduced optimization problem is:
min J(u)
And can be solved using the gradient method:

uk—l—l — uk o aka(uk)

Multiple samples training With multiple samples, the shooting function is applied at each
data point:

X7 = ¢(xg';u)
| Remark. u is independent of m (it is called ensemble control).

The optimization problem becomes:

M
min Y Jm(w) T (w) = UG(xgu);p™)
u
m=1
And its solution with the gradient method is:

M
u]c-f—l _ uk‘ _ Oék Z VJm(uk‘)
m=1

9.2 Backpropagation

9.2.1 Preliminaries

Finite-horizon optimal control problem Optimization problem defined as:

T-1
1}1{11&1 Z Li(xg,up) +lp(x7) X0 = Xinit
=0

subject to xp41 = fr(xy, uy)

where:
e x = (x1,...,Xr) are the state trajectories,
e u=(uy,...,uyr_;) are the input trajectories,

o fi : R"xR™ - R"fort=0,...,T — 1 are the dynamics,
o [ :R"XR™ - Rfort=0,...,T —1 are the stage costs,

e /7 :R™ — R is the terminal cost.

Adjoint method (general case) Algorithm to compute the gradient of the cost function
of a finite-horizon optimal control problem.

Given the initial trajectory (x°,u’), the method works as follows:
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1. Repeat for the number of iterations £k =0,1,...:
a) Perform backward simulation of the co-state A for t =7 —1,...,0:
M = Vil (XE, 05) + Vi foXE, 0 A1 Ar = Vir(xp)
Ay = Vigigle(XF,05) + Vi fi(X7 uf) A
Remark. Intuitively, ); is the derivative of the cost function w.r.t. the
first argument and Auf is w.r.t. the second.
b) Apply descent step on the control input for ¢t =0,...,7 — 1:
uf“ = uf — akAuiC
c) Apply forward simulation of the dynamics for t =0,...,7 — 1:
Xfill = ft(Xerl? uf+1) Xngrl = Xijnit
Adjoint method (simplified) Without stage cost and with a time-invariant dynamics, the
problem becomes:
min lp(x7) X0 = Xinit
xX,u
subject to x;41 = f(x¢, wy)
The backward simulation of the co-state becomes:
Mo = Vi FE, 0 A1 Ar = Vip(xy)
Auy = v[uf]f(xfauf))‘t-i—l
Remark. The co-states )\; represent the partial derivatives necessary to apply the

chain rule and Au; = 8‘3]1(11:).

9.2.2 Adjoint method for neural networks

Backpropagation (one-sample) The simplified adjoint method is equivalent to the back-
propagation algorithm for neural networks with:

fi(xf,uf) o(x{ )
J(xe,up) = : = : t=0,1,....,T—1
fa(xf, ) o(x{ ugs)
The gradient w.r.t. the first argument is:
Vi) (xF, uy) = [V[Xf]fl(xf,uf) V[Xf]fd(Xf,Uf)]

= [ullc,tg,((xf)Tu]ft) ufl’ta’((xf)Tus’t)] e R4

The gradient w.r.t. the second argument is:

V[uf]f(xf,uf) = {V[uf}fl(xfauf) V[uﬂfd(xfyuf)}
X () Tul) 0
— Od O c RE*xd
04 . fo’((xf)Tugyt)
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Remark. When computing Vi, f (x¥, uF)Ar11, a summation is sufficient instead of
performing the complete matrix multiplication:
X (k)
: AL+
04 K 04 .
' Ad,t+1
04 o xbo! ()T

k&

Backpropagation (multiple samples) With M data points, Auy"" is computed individ-

ually for each example and the update step is performed as:

M
uftt = uf — of g Au;n’k
m=1

9.2.3 Federated machine learning

Federated machine learning Given a parameter server and N agents each with M; data
points, the problem is defined as:

N M; N
miny Y H(¢(D™u);p™) = min Y Ji(w)
1=1

i=1 m=1
Communication is only between the parameter server and the agents.

Federated backpropagation Algorithm that works as follows:
1. Repeat for the number of iterations £ =0,1,...:
a) The parameter server sends the current weights uy to the agents.

b) Each agent computes the step direction d¥ = —V.J;(u¥) and sends it to the
parameter server.

¢) The parameter server performs the update step:
N

= v 4 oF ) " dl
i=1

9.2.4 Distributed machine learning

Distributed machine learning Given N agents each with M; data points, the problem is
defined as:

N M; N
m&nz Z (D™ u);p™) = m&nz Ji(u)
i=1 m=1 i=1
Communication is only between neighboring agents.
Distributed backpropagation Algorithm that works as follows:
1. Repeat for the number of iterations k =0,1,...:

a) Each agent sends its local weights uf to its neighbors.

b) Each agent computes the local step direction df = —V.J; (Zjej\/i aiju;?).

o1

Backpropagation
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c) Each agent performs the local update step:

k+1 _ ko kqk
u = Z (awuj +a di)
JEN;

<end of course>
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