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1 Averaging systems

1.1 Graphs

1.1.1 Definitions

Directed graph (digraph) Pair G = (I, FE) where I = {1,..., N} is the set of nodes and  Dirccted graph
E C I x I is the set of edges.

Undirected graph Digraph where Vi, j: (i,j) € E = (j,i) € E. Undirected graph
Subgraph Given a graph (I, E), (I’, E') is a subgraph of it if I’ C I and E’ C E. Subgraph
Spanning subgraph Subgraph where I’ = I.
In-neighbor A node j € I is an in-neighbor of i € I if (j,i) € E. In-neighbor
Set of in-neighbors The set of in-neighbors of 7 € I is the set: Set of in-neighbors

NN ={j el (i) e B}
In-degree Number of in-neighbors of a node i € I: [n-degree
degi™ = [N

Out-neighbor A node j € I is an out-neighbor of i € I if (i,j) € E. Out-neighbor

Set of out-neighbors The set of out-neighbors of i € I is the set: Set of in-neighbors
NPV ={j eI (i) € E}
Out-degree Number of out-neighbors of a node i € I: Out-degree

deg-OUT — |MOUT|

7

Balanced digraph A digraph is balanced if Vi € I : deg!™ = deg®UT. Balanced digraph

Periodic graph Graph where there exists a period k > 1 that divides the length of any Periodic graph
cycle.

| Remark. A graph with self-loops is aperiodic.

Strongly connected digraph Digraph where each node is reachable from any node. Strongly connected
digraph
Connected undirected graph Undirected graph where each node is reachable from any Connected
node undirected graph
Weakly connected digraph Digraph where its undirected version is connected. Weakly connected

digraph



1.1.2 Weighted digraphs

Weighted digraph Triplet G = (I, E,{ai}; j)cr) where (I, E) is a digraph and a;; > 0
is a weight for the edge (3, 7).

Weighted in-degree Sum of the weights of the inward edges:
N
deg%N = Z aj;
j=1
Weighted out-degree Sum of the weights of the outward edges:

N
deg?" = "aij
—

Weighted adjacency matrix Non-negative matrix A such that A;; = a; ;:

Az‘,j >0 if (Z,j) er
A;;j =0 otherwise

In/out-degree matrix Matrix where the diagonal contains the in/out-degrees:

degi 0 e 0 deg?UT 0 e 0
DN 0 degiN DOUT 0 degonT
0 e 0 deghy 0 e 0 deg](\),UT

Remark. Given a digraph with adjacency matrix A, its reverse digraph has adja-
cency matrix AT,

Remark. It holds that:

D™ = diag(AT1) DOUT = diag(A1)

where 1 is a vector of ones.

| Remark. A digraph is balanced iff AT1 = A1.
1.1.3 Laplacian matrix
(Out-degree) Laplacian matrix Matrix L defined as:
L=D°""-A4
Remark. The vector 1 is always an eigenvector of L with eigenvalue 0:
L1 = (D°YT — A)1 = D°VT1 - DOVT1 =9
In-degree Laplacian matrix Matrix L'N defined as:

LIN — DIN . AT

Weighted digraph

Weighted in-degree
Weighted out-degree
Weighted adjacency
matrix
In/out-degree matrix
/ S
Laplacian matrix

In-degree Laplacian
matrix



|Remark. L™ is the out-degree Laplacian of the reverse graph.

1.2 Distributed algorithm

Distributed algorithm Given a network of N agents that communicate according to a
(fixed) digraph G (each agent receives messages from its in-neighbors), a distributed
algorithm computes:

2 = st (aF, {x?}jeM;N) ie{l,...,N}

where z¥ is the state of agent 7 at time k and stf; is a local state transition function
that depends on the current input states.

| Remark. Out-neighbors can also be used.

Remark. If all nodes have a self-loop, the notation can be compacted as:

gl = Stfi({xj}jej\/’iIN) or = Stfi({l’j}jeNiOUT)

1.2.1 Discrete-time averaging algorithm

Linear averaging distributed algorithm (in-neighbors) Given the communication digraph
with self-loops G™™ = (I, E) (i.e., (j,4) € E indicates that j sends messages to i),
a linear averaging distributed algorithm is defined as:

> agal iefl,... N}

je NZIN

k+1

where a;; > 0 is the weight of the edge (j,%) € E.

Linear time-invariant (LTI) autonomous system By defining a;; = 0 for (j,i) ¢ E,
the formulation becomes:

AR Zaw ie{l,...,N}
In matrix form, it becomes:
1 _ ATk
where A is the adjacency matrix of G“™™.

Remark. This model is inconsistent with respect to graph theory as weights
are inverted (i.e., aj; refers to the edge (j,1)).

Linear averaging distributed algorithm (out-neighbors) Given a fixed sensing digraph
with self-loops G*™ = (I, F) (i.e., (i,j) € E indicates that j sends messages to
i), the algorithm is defined as:

N
k:+1 k
E a” E a;jx;
]ENlOUT
In matrix form, it becomes:
+1 _ Axk

where A is the weighted adjacency matrix of G5*.
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1.2.2 Stochastic matrices

Row stochastic Given a square matrix A, it is row stochastic if its rows sum to 1:

Al=1

Column stochastic Given a square matrix A, it is column stochastic if its columns sum
to 1:
AT1=1

Doubly stochastic Given a square matrix A, it is doubly stochastic if it is both row and
column stochastic.

Lemma 1.2.1. Given a digraph G with adjacency matrix A, if GG is strongly connected
and aperiodic, and A is row stochastic, its eigenvalues are such that:

e )\ =1 is a simple eigenvalue (i.e., algebraic multiplicity of 1),

o All others p are |p| < 1.

Remark. For the lemma to hold, it is necessary and sufficient that G contains a globally
reachable node and the subgraph of globally reachable nodes is aperiodic.

Theorem 1.2.2 (Consensus). Consider a discrete-time averaging system with digraph G
and weighted adjacency matrix A. Assume G strongly connected and aperiodic, and A
row stochastic.

It holds that there exists a left eigenvector w € RY, w > 0 such that the consensus
converges to:

1 1l
) w20 ZAL w;xd w;
lim 2% =1 7 = | 71_]\} t=|: E -~ z?
k—yoo w 1 D i1 Wi 1] =1 Zj:l wy
where w; = —x*— are all normalized and sum to 1 (i.e., they produce a convex combi-

i=j Wi
nation).
Moreover, if A is doubly stochastic (e.g., G weight balanced with positive weights), then
it holds that the consensus is the average:

lim 2 =1
k—o0

=

N
0

D

i=1

Sketch of proof. Let T = [1 vz o VN] be a change in coordinates that transforms
an adjacency matrix into its Jordan form J:

J=T"1tAT

As X\ =1 is a simple eigenvalue, it holds that:

Jo

Row stochastic

Column stochastic

Doubly stochastic

1 1 4
Consensus



(N=1)x(N—1)

where the eigenvalues of Jo € R lie inside the open unit disk.

Let 2% = Tz*, then we have that:
" = Az —
T* = A(TZY) =
=T AT = JzF

Therefore:

k—o0 :
0
=z Vk>0
lim zF =0 Vi=2,...,N
k—o0
]

Example (Metropolis-Hasting weights). Given an undirected unweighted graph G with
edges of degrees d, ..., d,, Metropolis-Hasting weights are defined as:

Wl{di@j} if (4,j) € Fand i # j

0 otherwise

The matrix A of Metropolis-Hasting weights is symmetric and doubly stochastic.

1.2.3 Time-varying digraphs

Time-varying digraph Graph G = (I, E(k)) that changes at each iteration k. It can be Time-varying
described by a sequence {G(k)}i>o0- digraph

Jointly strongly connected digraph Time-varying digraph that is asymptotically strongly — Jointly strongly
connected: connected digraph

+o00o
Vk>0: U G(7) is strongly connected
7=k

Uniformly jointly strongly/B-strongly connected digraph Time-varying digraph that is ~ Uniformly jointly

strongly connected in B steps: strongly/B-strongly
connected digraph

k+B
Vk>0,3B € N: U G(7) is strongly connected
=k

Remark. (Uniformly) jointly strongly connected digraph can be disconnected at some
time steps k.

Averaging distributed algorithm Given a time-varying digraph {G(k)}r>0 (always with =~ Averaging
self-loops), in- and out-neighbors distributed algorithms can be formulated as: distributed

witt=" ) aykrf o= Y ay(k)e]

FJENIN(K) JENPUT (k)

algorithm over
time-varying digraph



Linear time-varying (LTV) discrete-time system In matrix form, it can be formu- [Linear time-varying
lated as: (LTV) discrete-time
. system

Theorem 1.2.3 (Discrete-time consensus over time-varying graphs). Consider a time- Discrete-time
varying discrete-time average system with digraphs {G(k)}r>o (all with self-loops) and ~ “7"7¢H=t over

. . . time-varying graphs
weighted adjacency matrices {A(k)}r>0. Assume: N

e Each non-zero edge weight a;j(k), self-loops included, are larger than a constant
e >0,

e There exists B € N such that {G(k)}r>0 is B-strongly connected.

It holds that there exists a vector w € RY, w > 0 such that the consensus converges to:

wlz0

lim 2% =1 T
k—oco wil

Moreover, if each A(k) is doubly stochastic, it holds that the consensus is the average:

1
lim 2F = INZ:C(Z»)

k—00
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